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Abstract

The typical problem in causal inference involves estimating a finite-dimensional functional of an unknown
data-generating distribution. This estimation often requires learning infinite-dimensional nuisance compo-
nents such as conditional means, densities, or propensity scores. This makes statistically accurate estimation
of the parameter of interest difficult, as naive plug-in estimators can inherit first-order bias from these nui-
sance estimates, preventing O(n’%) convergence and asymptotic linearity and asymptotic normality even
when the target parameter itself is low-dimensional. These properties are desirable as they allow for the
construction of statistically valid confidence intervals. The influence function of an estimator character-
izes its first-order asymptotic behavior, making it central to devising methods to remove first-order bias in
estimators.

This thesis synthesizes the literature of influence functions in semiparametric efficiency theory and tar-
geted learning. We begin with nonparametric models, where the influence function is unique. We then extend
the theory to semiparametric models and develop a broader geometry of influence functions, allowing us to
characterize the efficient influence function with the lowest possible asymptotic variance. After describing
methods for deriving influence functions in practice, we turn to Targeted Maximum Likelihood Estimation
(TMLE), a debiasing framework that updates an initial estimate of the data-generating distribution along
a fluctuation submodel chosen using the efficient influence function. This targeting step yields a plug-in
estimator whose first-order behavior is governed by the efficient influence function, allowing for asymptotic
linearity and valid inference under appropriate conditions.

The final chapters study several extensions of the basic TMLE construction. One-Step TMLE uses least
favorable submodels to achieve targeting in a single update rather than the multi-step iteration of basic
TMLE. Cross-Validated TMLE uses sample splitting, allowing us to verify asymptotic linearity without
appealing to Donsker (empirical process) conditions that can be difficult to verify in practice. Collabo-
rative TMLE targets nuisance parameters to increase the accuracy of estimation of the target parameter,
allowing for further bias reduction. Higher-Order TMLE extends targeting beyond first-order bias correc-
tion, leveraging higher-order derivatives of the target parameter (or approximations of these derivatives) so
that asymptotic linearity depends only on controlling higher-order remainder terms. This thesis provides a
self-contained exposition of targeted learning and its underlying semiparametric efficiency theory, unifying

a relatively scattered literature.
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Chapter 1

Introduction

The usual formulation of a causal inference problem is to estimate some functional of interest g := ¥(FP),
a function of an unknown distribution Py € M (here, M is a model, or a set of distributions), given
observations O1,0a,...,0, ~ Py. This can be rather difficult as, most of the time, we are not working in
a fully parametric setting, but rather Py can contain functions like conditional expectations or propensity
scores which are infinite-dimensional. Hence, we have a finite-dimensional parameter of interest but infinite-
dimensional “nuisances” that are part of our data-generating distribution. To accurately estimate the finite-
dimensional 1, we often must also estimate these infinite-dimensional nuisances accurately - this is the
semiparametric setting.

The most natural approach is to construct some estimate P, of the actual data-generating distribution
Py and then construct the plug-in estimate @Z;n = \Il(lﬁn) However, this naive approach is not ideal as it
fails to have desirable statistical properties. In particular, we would like our estimator to achieve O(ﬁ)
convergence rates and asymptotic normality, so that we can construct confidence intervals. The estimation
of infinite-dimensional nuisances makes this difficult - first-order bias from these estimates propagates to
the naive plug-in estimator, destroying these statistical properties. Hence, it is necessary to incorporate a
debiasing procedure to ensure first-order bias from nuisance estimation does not propagate to our estimation
of the functional, allowing us to maintain desirable statistical properties.

The most desirable estimators are asymptotically linear estimators, or estimators z/;n that satisfy an

expansion of the form
- 1
o =t = (P = R)0(0: ) +or 2.

where P, is the empirical distribution of the observations O, and ¢ is a mean-zero, finite-variance function.
Note that, in this case, asymptotic linearity automatically implies asymptotic normality and +/n-consistency,
allowing for the construction of confidence intervals. The function ¢ is known as an influence function, and
is the focus of the first half of this thesis. Note that, by the Central Limit Theorem, the asymptotic variance
of 1/;n is determined by ¢.

It turns out that, even in the semiparametric and fully nonparametric cases, there is still a lower bound
on the asymptotic variance of an estimator 1/;,“ presupposing that it is asymptotically linear and regular
(a condition that will be elucidated in Chapter 3). This lower bound is achieved by the efficient influence

function. It is unique in the fully nonparametric case, and in the semiparametric case, it can be characterized
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by considering the underlying geometry of the tangent space of the set of distributions to be considered.

The second half of the thesis turns to targeted learning, a debiasing framework that uses the efficient
influence function for the construction of asymptotically linear estimators that achieve the semiparametric
efficiency lower bound. The idea is to, beginning with an initial estimate of Py, update (“target”) this
estimate in a particular direction such that we get closer and closer to a linear expansion in the efficient
influence function. After targeting the distribution appropriately, applying a plug-in estimate on this new
distribution (the targeted mazimum likelihood estimator) will remove first-order bias, thereby achieving the
desirable statistical properties mentioned earlier.

The aim of this thesis is to develop the theoretical foundations underlying these ideas. We begin, in
Chapter 2, by introducing influence functions in nonparametric models, where they are unique. In Chapter 3,
we extend this to the semiparametric setting, developing the theory of tangent spaces. Chapter 4 provides
a quick primer on methods to actually derive these influence functions in practice, allowing us to use the
theory developed in the previous chapters with explicit objects.

After developing the theory of influence functions, we move to developing targeted learning. In general,
we focus on developing asymptotic linearity results in various settings. Chapter 5 introduces the basic TMLE
and proves asymptotic linearity under mild conditions. The last four chapters of the thesis introduce four
different variants of the TMLE. Chapter 6 describes a version of TMLE that can converge in only one step,
as opposed to the iterative process of the standard TMLE. Chapter 8 describes a TMLE where the nuisance
estimates are also targeted to improve the estimation of the target parameter. Chapter 7 describes a TMLE
where cross-validation is applied to every step; asymptotic linearity is shown to still hold here, making this
useful in practice. Finally, Chapter 9 describes an extension to the TMLE where we control bias beyond the

first-order.



Chapter 2

Influence Functions in Nonparametric
Models

We begin our discussion in the simplest case of a nonparametric model. Here, the parameter of interest
is a functional of a completely unrestricted distribution, but, amazingly, we can still develop a notion of

optimality for estimators (the nonparametric efficiency bound) even without underlying structure.

2.1 The Nonparametric Efficiency Bound

Definition 2.1.1 A model P is a set of distributions, and such a model is nonparametric if we make no

assumptions on the structure of the underlying distributions.

We now consider the following setup, akin to (Kennedy, 2024). Suppose we observe i.i.d. Z1,...,Z, ~ P,
where P € P and P is a nonparametric model. Our goal is then to estimate some functional of interest
PP — RI.

If our estimate is zZA), we want to have some idea of optimality for how good our estimate 7,/} is for 1. There
are two usual levers we can use for defining optimality, which are the bias and variance of 1& Ideally, 1/3
should be unbiased for ¢ (so 1& is a U-estimator), so restricting to U-estimators of ), the estimator ’(/AJ that

we choose should be the one with the lowest variance.

Remark 2.1.2 In this chapter, we motivate the nonparametric efficiency bound for unbiased estimators. In
Chapter 3, we present the analogous semiparametric efficiency bound for regular and asymptotically linear

estimators, which are the types of estimators we tend to care about in practice.

How exactly to determine this lowest variance estimator in a fully nonparametric model is unclear, so
we first turn to the fully parametric case, where P = {Py : 8 € R} is parameterized by 6. Our parametric
model could be specified by higher-dimensional parameters, but for now, we focus on the scalar case.

In the parametric case, the well-known Cramér-Rao bound gives us a lower bound on the variance of any

U-estimator z[):
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Theorem 2.1.3 (Cramér-Rao) Let ¢ be a smooth functional of a smooth parametric model P = {Py : 6 €
R}, so that Py and ¥(0) are both differentiable in 0. Then, the variance of any U-estimator 1& satisfies

1/)/(60)2

Varg(v) = Varg(se(2))

where sg(z) = % logpg(z) is the score function (derivative of the log-density).

To use Cramér-Rao style bounds in nonparametric settings, we want to be able to generalize the role of
the score. We can no longer differentiate the whole density with respect to 6, so instead we differentiate
along parametric paths that go through the true distribution. These paths are parametric submodels, and

defining such submodels allows us to still use parametric ideas in the nonparametric setting.

Definition 2.1.4 A parametric submodel P. of a nonparametric model P is a smooth parametric model
P. ={P.: e € R} such that P. CP and Py =P.

Say we are to estimate v within a parametric submodel P, C P. Cramér-Rao gives us a lower bound
on the variance of U-estimators 1[) that are estimated over P.. Since the parametric submodel is a subset of
the entire nonparametric model, the Cramér-Rao lower bound for P is, in turn, also a lower bound for the
variance of a U-estimator 1& estimated over the entire nonparametric model P. This gives us some direction
in lower bounding our variance over P, by taking a supremum over parametric submodels.

Now, consider the parametric submodel

pe(2) = p(2){1 + eh(2)}

for mean-zero h, where, to make the densities valid, we require ||h||loc < M < oo and € < 7;. We can

calculate the score function

se(z) = % log p:(z) = % log(1 + eh(2)) = h(z).

e=0 e=0

Thus, the Cramér-Rao bound for this submodel is (noting that the true parameter is ¢ = 0):

(Ze(P)le=o)” _ (2¥(P.)]-=0)”
Varp (s:(z) — Ep[h(2)?7]

=

The above holds for P. defined by any mean-zero function h, so to find the best such lower bound, we
have to optimize this over all P. in a parametric submodel. To do this generally, we define the notion of

pathwise differentiability. For simplicity, we state the definition in the case of a scalar parameter ¢ : P — R.

Definition 2.1.5 We say ¢ : P — R is pathwise differentiable if there erists some mean-zero, finite-
variance function p(z; P) (so [¢(z; P)dP(z) =0 and [ ¢(z; P)?dP(z) < 00) such that

0
gib(Pe)

- / (2 P)se(2)dP(2)

e=0

for every smooth submodel P.. We call ¢ the influence function (also called the pathwise derivative).
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Remark 2.1.6 For now, we ignore the question of the uniqueness of @, which we will return to in the next

section. For nonparametric models P, the choice of  is unique.

In a sense, ¢ acts as the “derivative” term in the definition of pathwise differentiability. For more
motivation on why this is the case, we can note that the condition of pathwise differentiability is implied by

the von Mises expansion:

Definition 2.1.7 The von Mises expansion writes, for arbitrary distributions P and P,

0(P) = (P) = [ 9= PYP - P)(2) + Fa(P,P)
for a second-order remainder term Ry (so Ry only depends on products and squares).

Note that this expansion is essentially a distributional first-order Taylor expansion with ¢ acting as the

derivative term.

Lemma 2.1.8 If a functional ¥ satisfies the von Mises expansion, it also satisfies pathwise differentiability

(assuming regularity conditions such that the integral and derivative are interchangeable).

Proof: Taking P = P and P = P. in the von Mises expansion of ¢ gives

0(P) = U(P.) = [ ¢l PP~ P)(:) + Ba(P. ),
Differentiating both sides and ignoring terms that are constant with respect to €, we can write

_ % </<p(z;P)dP€(z)> | - %RQ(P, P.)

0
gw(Pe)

e=0

Proceeding term-by-term, under regularity conditions that allow us to swap the integral and derivative, we

can write
5 ([eerure)| = [eergane)
e=0 e=0
Note that
se(z) = 9 log dP.(2) = &
Oe _ dP(z)

SO we can write

[ eteprar

= / ©(z; P)s:(2)dP(z).

e=0

On the other hand, since Ry is second-order, we have

7]
Z Ry (P, P.
8€R2( I )

so we get the pathwise differentiability condition. O
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Remark 2.1.9 Pathwise differentiability is also roughly equivalent to Neyman orthogonality, which states
that, given a functional w(W;0,n) where 0 is the parameter of interest and n is a nuisance with true values
b0, Mo,

Do[n —mo] =0

for all estimators 1y that occur with high probability, where we define the pathwise (Gdteauz) derivative

Dyl o) = 2Bl V030 + 70 = )]

(Chernozhukov et al., 2018; Foster & Syrgkanis, 2023).
This relationship is elaborated on in (Y. Chen, Kennedy, & Balakrishnan, 2026), and has to do with the
introduction of the extra condition of local product structure, which essentially is the condition that the

parameter of interest and nuisance parameter can vary independently of each other within the model.

Theorem 2.1.10 (Nonparametric Efficiency Bound) Let ¢ : P — R be pathwise differentiable with

influence function o(Z). Then, the variance of any U-estimator ¥ is at least the variance of w(2).

Proof: We return to the parametric submodel p.(z) = dP(z){1 4 €h(z)}, which has score function h(z).
By pathwise differentiability of v, we can write

Sur)| = [eEPhEdre)

e=0

since s.(z) = h(z). As derived earlier, the Cramér-Rao bound over any parametric submodel P. is given by

(RU(P) ) Elp(Z:PIh(2)
Varl¥) 2 g = B

Hence, taking a supremum over Cramér-Rao bounds of submodels P, with generic element P, we can write

wup BV Pe=0)® _ B2 PIW(Z)

P, Var(s.(Z)) h E[;L(Z)2] < E[p(Z;P)’] = Var(o(2)),

where the inequality is by Cauchy-Schwarz.

This bound, which is the nonparametric efficiency bound, gives an analogue of the Cramér-Rao bound
for nonparametric models. Of course, for it to be useful, it should be sharp; in particular, we would like it
to actually be achieved by some function h. Recall that the equality case of Cauchy-Schwarz is when h is a
multiple of ¢. Our other requirement is that h is a valid score function.

In the case of nonparametric models, h = ¢(z;P) is a valid choice (in that ¢(z;P) is a valid score function
for some distribution), so for nonparametric models, Var(p(z;P)) is the nonparametric efficiency bound,
and we can set p(z;P) to be the efficient influence function. In particular, this means that if we have an

estimator ’(/AJ which satisfies

Vil — ) 5 N(0, Var(p(2))),

this estimator attains the nonparametric efficiency bound and is optimal in the sense of achieving minimal

variance. O
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Remark 2.1.11 In light of Remark 2.1.6, the distinction between an influence function and efficient influ-
ence function seems somewhat pointless, as ¢ is unique. However, in the case of semiparametric models,

as in the next chapter, this distinction becomes much more meaningful, as there are many possible influence
functions.



Chapter 3

Semiparametric Efficiency Theory

We now move from the fully nonparametric setting to the semiparametric setting, which is the setting most
commonly encountered when dealing with causal estimation problems. We first develop the theory in the
parametric case before extending our results to the semiparametric case. The main goal here is to extend
the efficiency bound from last chapter into a semiparametric efficiency bound, and in turn, characterize
what influence functions are possible in the semiparametric setting. This will be done by examining the
underlying geometry of these functions through the tangent spaces. Working in the parametric case allows
us to explicitly characterize the tangent space objects in a finite-dimensional case first, making the later
extension to infinite-dimensional nuisance parameters in the semiparametric case much easier.

Many of the results discussed in this chapter are taken from Chapters 3 and 4 of (Tsiatis, 2006). Addi-
tional sources for this information are (Y.-C. Chen, 2024) and (Sen, 2018).

3.1 RAL Estimators

We work in the setting of observations Zy, ..., Z, being i.i.d. random vectors drawn from a density pz(z;0)
with dominating measure vz. We have a parameter of interest § = (37,1n7)7, where 3 is a g-dimensional
parameter of interest, and 7 is an r-dimensional nuisance parameter. Later, we will extend our results to

the case where the nuisance parameter is infinite-dimensional.

Definition 3.1.1 An estimator Bn of B is asymptotically linear if there exists some mean-zero random

vector p(Z) such that E[peT] is finite and non-singular, and

n2 (B — o) =n"% Z ©(Z;) +op(1).

i=1

Then, @ is the influence function of the estimator B,..

Remark 3.1.2 Given an asymptotically linear estimator Bn, by the central limit theorem, we can write

n% (B, — Bo) & N(0,E[pp")).
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In particular, this means that the asymptotic properties of the estimator are determined by the influence

function.

Theorem 3.1.3 An asymptotically linear estimator has an almost surely unique influence function.

Proof: If not, then there exist two influence functions ¢*, ¢ for $,, such that

n? (B, — Bo) =n"~ Zsﬁ ) +op(1)

and similarly for ¢*. Subtracting the two equations, we get

By the Central Limit Theorem,

3

(Z) L N(0.El(p — 0 (0 — ¢*)T)).

3
mp

1:1

We need this limiting distribution to be op(1), which implies the covariance matrix must be 0. Hence, we
have E[(¢ — ¢*)(¢ — ¢*)T] = 0, which implies the conclusion. O

We restrict our attention to regular estimators, defined as below.

Definition 3.1.4 A local data generating process (LDGP) is a set of variables such that, for each n, the
data Zin, Zon, - - -y Znn are distributed according to 6, (i.i.d. p(z,0,)), where n%(ﬁn — 0*) converges to a

constant for some fized parameter 0*.

Definition 3.1.5 Given an LDGP, an estimator 3, = Bn(Zln, c ooy Znn) 18 Tegular if, for all 0%, nz (Bn —Bn)
has a limiting distribution independent of the LDGP.

To see why this is useful, we construct the following pathological estimator, due to Hodges:

Example 3.1.6 Let Z,, ..., Z, ~ N(u,1). To estimate u, the sample mean Zy, is the MLE, son2(Zy,— ) 4

. ) Zn | Zn| >n7% — .
N(0,1). Hodges constructs the estimator fi, = o . For u #0, Z, moves away from 0 with
0 |Z, <n~

N

increasing probability, so
n?(Zy = w) = n? (i — p) + op(1),

which implies n%(ﬂn — ) 4, N(0,1). However, if u = 0, then Z, will be within tn1 of the origin with
increasing probability (since Z, ~ N (0, 1), so P(|Z,| <n~ 1) = P(|\/nZy| < n%), where \/nZ, is a standard
normal). This implies that P(fi, = 0) — 1 if p = 0. Thus, the asymptotic variance of n= (fi, — p) is 1 for
w# 0 and 0 for p =0, implying Hodges’ estimator is super-efficient.

However, Hodges’ estimator possesses local properties that are not favorable. If we consider the sequence
Ln = n~3, then Z,, concentrates in an O(n_%) neighborhood about u, (by a similar argument as before),

. . . ) 1 1, . . . .
and since p, is contained in [—n~1,n~ 1] with probability 1 as n increases, we have, as n increases,

Py, n%(ﬂn = fin) = *néﬂn} =1,
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since Py, (fin = 0) — 1. However, for ji, =n"53, —nZ i, — —00, which implies n2 (fin — pin) — —00, which
is certainly undesirable.

Regularity rules out estimators like Hodges’ estimator. In particular, we can show that Hodges’ estimator
is mot reqular by considering p, = ﬁ (for fized t) and p* = 0. Then, n%(,un — p*) = t. However,
nz (fin, — tin) 4 by a similar argument as before, which is clearly dependent on the LDGP. Hence,

Hodges’ estimator is not reqular.

Remark 3.1.7 It turns out that for the theory we will develop, if we restrict ourselves to regular estimators,
we can restrict ourselves to regular and asymptotically linear (RAL) estimators without losing anything.
A regular estimator is not necessarily asymptotically linear, but the Hdjek-Le Cam convolution theorem
(Theorem 2.3.1 of (Bickel et al., 1993)) states the following:

Let T, be a regular estimator of a parameter q(0) : © — R™, where we work in a parametric model.
Assume that q is differentiable in 6, and let Iq_(fl)) = q(.H)I(H)’lq(.G)T be the information bound for q and gy
be the EIF for q. Then:

1. There ezist independent random vectors Zy ~ N(O,I{;(é)), Ap such that

(\/ﬁ(Tn —q(0)) - ﬁ i ¢q(9)($i)> 4, (AG)
T i Yoo (i) Zy

2. If 0 — gy is continuous, then the previous convergence holds uniformly on compact subsets of ©. Also,

we have Ay = 0 for all 0 if and only if T,, is uniformly asymptotically linear with influence function

Vq(0)-

It is clearly a consequence of this theorem that the most efficient regular estimator is asymptotically linear,

so we can restrict our attention to RAL estimators.

In what follows, define the score vectors

dlo z,0 dlo z,0 dlo z,0
6=0o 0=0, n 9—6,

so we can write Sp(Z,00) = (S5(Z, 00), Sy (Z,00))T.

Theorem 3.1.8 Let () be a q-dimensional function of the p-dimensional parameter 6 with ¢ < p, and let

) = 88[59(3) have rank q and be continuous around 6y. Let Bn be an asymptotically linear estimator with

influence function ¢(Z) such that Eg[pT | exists and is continuous around 6y. If Bn 18 reqular, we then have
E[¢(2)S5 (Z,60)] = T (o).
If 6 = (BT, n")T as in parametric models, we then have

El¢(Z)S% (Z,00)] = LE[p(2)SL(Z.60)] = 0.
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Proof: Let po,(vn) = [[p(2in,00), and consider the LDGP p1,(v,) = [[p(2in, 0r) with n3 (0, — 6p) — T,
for some constant vector 7. Since (3, is asymptotically linear with influence function ¢(Z), we can write
n
1 _1
nz (B, — B =n QZSO in) + 0p,, (1).

i=1

Lemma 3.1.9 Under nice smoothness and regularity conditions, the sequence Py, is contiguous to the se-
n—oo n—oo O

quence Py, meaning that, for any sequence of events A, Pon(A,) —— 0 = P1,(A,) ——
Proof: We recall Le Cam’s third lemma, which states that if
pl’ﬂ(V’ﬂ)) D(P071) 0-2 2
log ( N|—-—=,0%],
pOn(‘/n) 2

then Py, is contiguous to Py,. Hence, it suffices to show convergence of the log-likelihood ratio. To this end,

let

Taking logs, we get

108(Ln (V) = Y (108 p(Zin, ) — 10g p(Zin, 00))-
i=1

Then, performing a second-order Taylor series expansion around 6y, for some intermediate value 6}, we have

log( ( )) (9 - 90 ZSG ZlTL)eO) (9 - 90 (Z 599 Zz'ru(gn)) (en - 00)

=1 =1

Inserting factors of nZ in the appropriate places to help us analyze convergence rates, we can write

10g( Ly (V) = 1% (6, — 6)" <néZSe(Zm,00)> ;( 2(6, —o)" ( 2599 Zin, 025) > (n2 (6, — o))

i=1
We can now analyze convergence of each of these terms. By the CLT,

n

n éZSG Zznae()) Don) N(O 1(90))

i=1

where I(6p) is the Fisher information. Furthermore, 8% — 6y, and Spa(Zin, 00) for i = 1,...,n are i.i.d. with

mean —1(fp), we can write

n > So0(Zin, 03) 2 —1(600).

i=1
Finally, since n2 (6, — 6y) — 7, we can use Slutsky’s theorem to get that

T
log(Ln (Vi) 280 s (—7”29())7,7711(90)7) ,

so we can apply Le Cam’s third lemma to finish. O
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By the lemma, since Py, is contiguous to Py, op,, (1) = op,, (1). Hence, we can write

72 (Bn = B(0n)) = 1% 3 [0(Zin) = Ba, [9(D)]] + n* o, [9(2)] = n% (5(0n) = 5(00)) + 0, (1).

By regularity, since the limiting distribution of n2 (B —B(0,,)) is independent of the LDGP, we can write

(Bn = B(02)) 225 A (0, Egy [09™))

N|=

n

. 1.5 D(Pon
(since n® (B, — Bo) 22 AF(0, Egy [0 7]))-
Under Py, ©(Zin) — Eg, [p(Z)] are mean-zero with variance Eqg, [pp”?] — Eg, [¢]Eq, [¢T]. By smoothness,
this converges to Eg,[¢¢T], so by the CLT, we can write

0 S [0(Zin) — Eo, [9(2)]] 22 N (0, Eg, [T

i=1
Analyzing the nz(8(6,) — 8(6y)) term, via a Taylor expansion around S3(6y), we can write
B(0n) =~ B(00) + T'(00)(0n — 00)

for T'(6p) = 8%@) Hence, we have

n(8(6n) — B(60)) — T(bo)r.

Finally, to analyze the nzEg, [p(Z)] term, we can write

ntEy, [p(2)] = n} / ({2 0,)d ().

Performing a first-order Taylor expansion of p(z, 6,,) around 6y, we get

[ etz +nt [ o) (2SI 0, g

for an intermediate value 6. As n — oo, the first term goes to 0 (as Egp,¢(Z) = 0) and the second term

[
N

n

/go(z)p(z,@n)du(z) =n

satisfies
9p(z,60)

o oo (P it [ o (50 ) st

since /n(0,, — 6y) — 7. This is equal to Eg, [0(2)S] (Z, 0y)]T.

For regularity to hold, we require

lim n?Eq, [0(Z)] —n? (B(8,) — B(60)) = 0,

n—oo
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which implies that we need
(Eo, [9(2) 54 (Z,60)] — T(60))7 = 0,

but since 7 was an arbitrary constant, this holds for any 7, so we must have
Eo, [¢(2)S5 (Z,00)] = T (6o),

as desired. O

3.2 Influence Functions in Parametric Models

Let H be the Hilbert space of g-dimensional measurable functions of Z with mean zero and finite variance,
with the standard inner product (hq, ho). Recall the standard result that the score vector Sp(Z, 6p) has mean

Z€ro.
Definition 3.2.1 The tangent space is defined as the set
T ={BSe(Z,00) : B € R¥*P}.
Definition 3.2.2 If 0 = (87, nT)T, the nuisance tangent space is given by Tnuis = {BS,(Z,00) : B € R*"}.

Note that the final condition of Theorem 3.1.8 is equivalent to ¢ being orthogonal to the nuisance tangent

space, or, equivalently, that ¢ € 7=

nuis*

Theorem 3.2.3 A mean-zero, finite-variance function ¢ such that
Elp(2)S5(Z,00)] = 1,E[0(2)S, (Z,60)] = 0

is the influence function of some RAL estimator, given that there exists an estimator 1), for mg such that
/n(1, — o) is bounded in probability (e.g. the MLE for n, fizing 3).

Proof: Let m(Z,8,n) = ¢(Z) —Eg »[@(Z)], and define B3, be such that

Z m(Z’ia Bna nAn(Bn)) =0.
i=1
We will show that Bn is an asymptotically linear estimator of 5y with influence function ¢(Z), which will
finish.
Note that
g lm(Z, o)) = [ m(z, o, mip(e. o mio(2) =0,

by construction, since Eg, ,[m(Z, fo,n)] = Egynle(Z)] — Eg,nle(Z)] = 0. Differentiating the integral form

with respect to 7, we get

aiT/m(z760an)p(zvﬁ07n)dy(2) =0.

n="no
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Assuming appropriate regularity conditions so we can switch the integral and derivative, we can rewrite this

as

/W ( ﬁO)TIO dV /m z 607770 ( 1607770) (Z,ﬁo,?’]o)dl/(?f) = 07

where we recall that MIW o = S (2, Bo, m0)p(2, Bo, no)-

Since ¢ = m(Z, Bo,m0) and E[p(Z)S](Z,6)] = 0, we have

/m(z, 607770)577]1(275077’0)1)(27607770)611/(2) = Oa

so we get

/Wp(mﬂo,ﬁo)dl/(z) L?a:r (2 Bo,m0) | = 0.

Similarly, we have

/m ,Bymo)p(z, B,mo)dr(z) =0,
,3 Bo

SO

/ 877’7/(2’, BOa 770)
apT

and by the condition E[(p(Z)S%(Z, 00)] = I, we can write

p(z, Bow o) (2) / (2, Bo, 10)ST (2 Boy 10)p (2, fos o) (z) =

[5ZT (Z ﬂo:no)] = 1.

Returning to the defining equation for Bn, performing a first-order Taylor expansion around Sy gives

that, for some value (3} between S, Bn,

0= Zm(ZZ’Bmﬁn(Bn)) = Z (Zi, Bos 1in( 5n
i=1

=1

Z 0BT (Zi, mnn(ﬂn))‘| (Bn — Bo)-

Thus, isolating Bn — Bo, we get

M\»—A

n -1 n
(/B BO) [”1 Z agT (Zzaﬂmnn(/@n))‘| |fz£ Zm(ZiaﬁOﬂfn(Bn))] .

We have
_ o
03 g i) 2 8 [ e )]

by the LLN - furthermore, this implies that

l B Z a/BT Z“ﬁnﬂ?n(ﬁn))} B 2 |E { [GZT (Z, 50»%)”1 =1
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For the second term, expanding around 1), for some intermediate value i}, we get

n

03> m(Zi, Bostin(Ba)) =72 Y m(Zi, o, o) +
=1

i=1

wry A "f‘)] [0 n(Ba) = m0) -
i=1

Again, we have

— - 8m(Z7/760577:;) p 0
n 128’)7—T —>E %—Tm(Z,BO,no) :O7

i=1
and by assumption, nz (n}t(ﬁn) — 1) is bounded in probability.
Putting everything together, we get

n n
n (B — Bo) =02 > m(Z, Bo.mo) +op(1) =1~ Y o(Z) +op(1),
i=1 1=1

which finishes. (]

Characterizing the geometry of influence functions in this manner is quite nice because, as seen earlier,
the variance of the influence function determines the asymptotic variance of a RAL estimator for 5. However,
the variance of an influence function is the distance to the origin in a subspace of a Hilbert space, so searching
for the estimator with the lowest asymptotic variance is equivalent to searching for the influence function
with the shortest distance to the origin.

To actually identify the EIF, we can note that, to identify elements of T orthogonal to Tuis, we can
consider the set h — II(h|Thuis) for h € H, where II is the projection operator.

Theorem 3.2.4 We have, for h € H,
(7| Touis) = E[hS] (B[S, S7]) ™" 8,(Z, bo).

We also note that, letting 7g = {BS3(Z,6p) : B € R1%9}, we can write 7 = T3 & Thuis-
As a side note, we will use the Pythagorean theorem in what follows - however, for dimensions greater
than 1, the Pythagorean theorem for variances does not necessarily hold for orthogonal elements of .

However, it does hold in the following special case, which is enough for our purposes:

Definition 3.2.5 A linear subspace U C H is a g-replicating linear space if U = UM x - x YD (q copies),

where U is a linear subspace in the 1-dimensional Hilbert space H™M.

Note that the linear subspace {Bv(Z) : B € R?7*"} is g-replicating if v is mean-zero finite variance, which
we can see by defining (V) = {bTv(Z) : b € R"™*1} - this is the structure of tangent and nuisance tangent

spaces, so we can feel free to use the Pythagorean theorem here:

Theorem 3.2.6 If h € U and U C H is g-replicating, and | € H with I L U, then Var(l + h) = Var(l) +
Var(h).

Proof: Note that [ is orthogonal to ¢ if and only if each component is orthogonal to ). Hence, if
l=(l1,...,1y)7T, then each [; is orthogonal to U, Letting h = (hy, ..., hq)T, since each hy € UD | we have
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E[l;hx] = 0 for all j, k. Hence, we have that E[IhT] = E[hT] =0, so
Var(l 4 h) = E[(I + h)(I + 1)"] = E[UT) + E[IhT] + E[WT] + E[hhT] = E[UT] + E[hhT] = Var(l) + Var(h).
0

Theorem 3.2.7 If ¢*(Z) is an arbitrary influence function, then the set of all influence functions is given
by the linear variety o*(Z) + T+.

Proof: Let p(Z) = ¢*(Z) +1(Z), for | € T+ and ¢* an arbitrary function. Then, we can write
Elp(2)S5 (Z,60)] = Elp*(2)S; (Z,00)] + E[l(Z)S5 (Z,00)] = T (6y).

On the other hand, if E[p(2)S} (Z,60)] = T'(6o), then we can write ¢(Z) = ¢*(Z2) + (¢(Z) — ¢*(Z)), where
p—¢ eTh U

Theorem 3.2.8 The EIF is given by
vep(2) = 0" (2) = (" (2)|T+) = W(@"(2)IT)
for ©* an arbitrary influence function. More explicitly, we can write
e(Z) =T(00)1(80) " So(Z, 6o),

for Fisher information I(0) = E[S¢(Z,00)SE (Z,00))].

Proof: By Theorem 3.2.7, since II(¢*|T+) € T+, e = ¢* — II(¢*|T) is an influence function. Fur-
thermore, by construction, @eg is orthogonal to 7+, so we can write any other influence function ¢ as
© = et + 1, for [ € T+. By the Pythagorean Theorem, we can write Var(p) = Var(peg) + Var(l), which
shows that Var(ges) < Var(y) for any other influence function ¢.

Since @eg is a projection onto T, it can be written as peg(Z) = BegSo(Z, 0y), which implies that

Elee(Z2)S3 (Z,00)] = T(0o) = BeaE[Ss(Z,00)Ss (Z,00)] = T(60),

which implies the exact form of the EIF in the second part of the theorem. |

In the case where 6 = (87,77)T, we can write the EIF alternatively in terms of the efficient score:
Definition 3.2.9 The efficient score is written as
Se(Z,00) = S5(Z,00) —IL(Ss(Z, 00)| Thuis)-
Corollary 3.2.9.1 If 6 = (87, nT)T, then we can write

Sﬁeﬁ(zv 90) = (E[Seﬁcsz ])71Seﬁ(zy 00)'
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Proof: Note that the efficient score vector is orthogonal to Thuis by construction. This then implies
E[Sest(Z,00)S5 (Z,00)] = E[Ser(Z, 00)Se(Z, 00)] + E[Sest(Z, 00)T1(Sp| Tais) " ],
and the second term is 0 by orthogonality. Hence,

€

E[Seff(Z, 90)5%(27 90)] = E[Seﬁ‘(Z, eo)SQ(Z, 90)},

which implies that pe(Z, 00) = (E[SesrSk]) "1 Sert(Z, 0p) satisfies the two conditions required to be an influ-
ence function.
To show efficiency, recall that the EIF is the unique influence function in 7, but since Sg, (53| Tnuis)

are both in 7, so is the efficient score, so we are done. O

Remark 3.2.10 Note that the variance of @.g, using the efficient score representation, is (E[Seﬂ-Sgﬁ])’l.

We will use this fact in what follows.

3.3 Semiparametric Influence Functions

Having developed this theory for parametric models, we now move to semiparametric models, where 7 can
be infinite-dimensional. We call our semiparametric model P. The notion of a parametric submodel from
the previous section remains useful. In particular, an estimator for 8 is RAL for a semiparametric model if
it is RAL for every parametric submodel, which implies any influence function in the semiparametric model
must be an influence function within a parametric submodel. In what follows, let Pg ., be a parametric

submodel of P indexed by ~. This gives us a few corollaries:

1. An influence function of an RAL semiparametric estimator for 3 is orthogonal to all parametric sub-

model nuisance tangent spaces.

2. For all parametric submodels Pg ., the variance of the RAL semiparametric influence function must

be greater than or equal to the parametric submodel lower bound (E[S§T (Z )Sgﬁj (Z))~ L.
This motivates us to define the following:

Theorem 3.3.1 The semiparametric efficiency bound is the supremum, over all parametric submodels, of
Ja
(E[SET (2)S5T (2)) .

Definition 3.3.2 The nuisance tangent space for a semiparametric model, which we also denote Tpyis, 18
the mean-square closure of all parametric submodel nuisance tangent spaces {BS(Z, o, no) : B € R¥*"},
where the mean-square closure is defined as the space of functions h € H with E[h(Z)Th(Z)] < oo and for
which there exists a sequence B;S.;(Z) such that ||h(Z) — BjS,;(Z)||*> = 0 as j — .

Remark 3.3.3 It is not necessarily generally true that Thus, as defined above, is linear. However, for most
applications, it turns out to be, and it is safe to assume Tpus is a closed linear subspace of H for future

results.



18 CHAPTER 3. SEMIPARAMETRIC EFFICIENCY THEORY

With this new definition of nuisance tangent space in hand, we can define the semiparametric efficient

score for § in a similar way, as

Seff(Z7 50#70) = SB(Za 507770) - H(SB(Z7 /807770)‘7;1uis)-

Theorem 3.3.4 The semiparametric bound can be written as (E[Seg(Z)Ses(Z)T]) 7 .

Proof: For simplicity, let 8 be a scalar, although the argument can be easily extended to higher-dimensional

. In this case, the semiparametric efficiency bound V can be written as

V = sup [|S5%,(2)]| 7%,

Pp.~

where
ST (Z) = Sp(Z) — T(Ss(Z)|Tilsy)-

Since T2 C Thuis, we have, for all parametric submodels Pg ., |[Ses(Z)]] < ||S§§(Z )||. This implies
V < [|Sea(2)] 7.

To show the inequality in the other direction, by definition, since II(S5(Z)|Tnuis) € Tnuis, there exists a

sequence of parametric submodels Pg , and nuisance score vectors S,,(Z) such that

j—o0

ITL(S3(2) | Tauis) — BjSi (Z)[]> == 0

for matrices B;. We can write:

V< |ISE (2)]17
= [185(2) = TL(Sp(2)|T5"™)I?
<185(2) - B;S,,(2)|I*
=1158(2) — (Sp(Z)| Tauis)||* + |1(Sp(Z) | Tauis) — B; Sy, (2)II%,

where the last inequality is due to the Pythagorean Theorem. Taking j — oo, we get V™1 < |[Seg(Z)
which finishes. O

I
Definition 3.3.5 The efficient influence function is the influence function of a semiparametric RAL esti-

mator, if it exists.

Theorem 3.3.6 A semiparametric RAL estimator for 3 has an influence function o(Z) which satisfies

Elp(2)S5(Z, Bo,mo)] = Elp(2)Seg(Z, Bo,m0)) = 1,1 ((Z)| Tuis) = 0.

The EIF s the unique element of the tangent space satisfying these two conditions with variance matriz
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equaling the efficiency bound. We can write

(,Oeﬁ(Z, 507 770) = (E[Seﬁsgﬁ])_lseﬁ(zv BOa 770)

Proof: We first show ¢(Z) is orthogonal to Thuis. For any h € Thuis, by definition, there exists a sequence
B;S,;(Z) such that
j—00
1M(Z) = B;S,;(Z)|| == 0.

We can write
(@ h) = (@, BjiSy;) + (p, h — B;Sy;).

The first term in the sum is 0 since ¢ is also an influence function for an RAL estimator in the parametric

submodel, so ¢ is orthogonal to 7;‘;“5. Applying Cauchy-Schwarz to the second term, we get

) — 00
[, W] < Mlpllllh = BjSysll == 0.

For the first condition, by the analogous theorem for the parametric model, we have

We then have

Elp(2)S&(Z, Bo.no)] = Ele(2)S5 (Z, Bo,m0)] — Ele(Z)I1(Sa(Z, Bos10) | Tauis) " |-

The second term in the difference is 0 as we just showed.
The rest of the proof follows similarly to the parametric case once these two conditions are proved. [

We also have the following theorem, with proof exactly the same as before:

Theorem 3.3.7 If a semiparametric RAL estimator for B exists, then the influence function belongs to the
linear variety {¢*(Z) +T+} for arbitrary influence function o* and tangent space T - this is also the space
of influence functions. If an estimator exists that achieves the semiparametric efficiency bound, then the

influence function is unique and an element of the tangent space:

vef(Z) = (Z2) = W(p(Z)|T+) = LW(@(2)|T).
Connecting back to the nonparametric case, we exhibit the following theorem:

Theorem 3.3.8 The tangent space of a nonparametric model P (densities p such that [ p(z)dv(z) =1 with

respect to some dominating measure v) is the entire Hilbert space H.
Proof: Let Py be an arbitrary parametric submodel of P. The parametric submodel tangent space is then
To={BSp(Z): B e RI**},

where 6 is s-dimensional and Sy(Z) is the score vector. We know the score vector is mean-zero and is hence
an element of H - thus, Ty C H.



20 CHAPTER 3. SEMIPARAMETRIC EFFICIENCY THEORY

It turns out that any element of H is an element of 7y for some 6 or is a limit of elements of Ty for varying
#. To see this, choose an arbitrary h € H that is bounded, mean-zero, and finite-variance, and consider the
parametric submodel p(z,0) = p(z,0)(1 + 0T h(z)) where 6 is such that 1 + 6Th(z) > 0 for all 2, so that p

is a valid density. We can then write, for this parametric submodel:
[ 90 = [ pla. 801+ 67 h v (z) = [ pleboiv(z) + [ 6ThC)p(zB0)dv() = 1.

ensuring that in a neighborhood of 6y, p(z,0) is a proper density. As calculated earlier, the score vector is
h(z) as well, so choosing B = I, then h(Z) is an element of the parametric submodel tangent space Ty.

Hence, the tangent space contains all bounded mean-zero random vectors. However, any element of H is
a limit of bounded A, which finishes. O

Note that this theorem tells us that, in the nonparametric case, the canonical gradient is, in fact, unique,
a fact which we took for granted in the previous section. In particular, the orthogonal complement of the
tangent space is the zero space, so there is only one possible influence function in the nonparametric model,
which must be the EIF.

Remark 3.3.9 Relating this to pathwise differentiability from the previous section, we recall that we stated
the pathwise derivative ¢ in the expression £(P:)|c=o = [ ¢(2;P)s:(2)dP(z) was unique in the case of
the nonparametric model. By the preceding theorem, the tangent space T of the nonparametric model is the

entire Hilbert space H, so T+ = {0} and there is a unique influence function, which must be the EIF.

3.4 Example: Restricted Moments Model

As an example of all of this theory, we will analyze the restricted moment model, given by
Y = u(X,B) + ¢, E[e] X] = 0,

where p(x, 8) is a d-dimensional function of X and ¢-dimensional 8. We observe (Z1,...,Z,) i.i.d., where
Z; = (Yi, X;) and aim to identify semiparametric estimators of §, where the density of an observation

p(z) belongs to the semiparametric model P = {p(z,5,n(-)),z = (y,z)}. Denote the truth as py(z) =
p(zaﬁOanO('))'

Since there is a one-to-one transformation between (Y, X) and (e, X), it will be easier for us to work with

the density py x (v, x) = pe,x (v — pu(x, 8), z). Now, we factorize the density of p. x(e,x) as
pex(e,2) = m(e, x)n(x)
for 01 (e, ) = pe x (e|lz). Then, the condition E[¢|X] = 0 translates to

/5771 (e,2)de = 0.

We also have conditions to ensure 71,7y are valid densities, which are given by

/m(e,x)de - 1,/n2(x)du(as) —1
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where v is a dominating measure for X. Note that our semiparametric model can then be given by
p(z,8,m (), m2() = m(y — p(x, B), x)n2(x),

with true density po(z) = m10(y — (@, fo), 2)n20(x).

To get a better grasp on the tangent spaces, we consider parametric submodels p.|x (e[x,71), px (2, 72)

for 71 an ri-dimensional vector and ~- an ry-dimensional vector. Then, our parametric submodel is given by

Ps = (2, B,71,72) = pe|x (y — p(z, B)|z,71)px (2,72),

where it also contains the truth po(z) = p.|x (y — p(z, Bo) |z, y10)Px (,720)-

We now focus on defining the semiparametric nuisance tangent space. The nuisance score vector of the

parametric submodel is given by

logp(z B,\T [dlogp(z 8N\

Since
logp(z, B,71,72) = log pe|x (v — p(z, B)|x,71) + log px (z,72),
we can write

dlog pe|x (y — p(x, Bo)|z,71)
om

S’Yl (2750770) =

Y1=710

and

dlo x,
572(2750770(Z,ﬁ07"/0>) — gpa);i’yz)

Y2=720
The usefulness of the conditional factorization now becomes clear, as the score vectors split. Letting ¢ =

y — p(x, Bo), we can rewrite the score vector with respect to v; as S, (¢, z).

The parametric submodel’s nuisance tangent space is given by
A, ={BS,:BeR"™"}
and can be written as

A’Y :A’Yl @AW?A% = {BS'YI(E’X) ‘Be RqXTl}aA’m = {BSW(X) 1B e qur2}'

Lemma 3.4.1 A,, and A,, are orthogonal.

Proof: Since [ p.x(elz,v1)de =1 for all z,7;, we have

0 0
871/17s|x(6|x7“71)dg =0 = /af%pe\X(dﬂ%%)df =0.
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If we evaluate at y; = 719, we can write

aps\x(ﬂw»’ho)

)
/#qu(d%’ho)df =0
ps|X(€|$7710)

for all z, so
E[S,, (e, X)|X] = 0.

In a similar fashion, we can derive E[S,, (X)] = 0.

Thus, we can write
E[S,, (2, X)S7, (X)] = E[E[S,, (2, X)S7, (X)|X]] = EE[S,, (e, X)|X]SZ, (X)] =0,

which finishes. |
The semiparametric nuisance tangent space is the mean-square closure of A, @® A,,, which we denote

A. However, we also have A = Ay, @ Ao, where Ay, is the mean-square closure of A, and Ag, is defined

similarly.

Lemma 3.4.2 Aq; is the space of all q-dimensional mean-zero functions of X with finite variance.

Proof: This is very similar to our earlier derivation. Since the score vector S,,(X) has mean zero for any

72, any element of A, is a g-dimensional function of X with mean zero. Hence, it suffices to show that any

g-dimensional mean zero function of X is either contained in some parametric submodel A, or is the limit of

elements of parametric submodels. Choose an arbitrary a(X) with mean zero, and consider the parametric

submodel px (z,72) = po(x)(1 + 4 a(x)), where v, is sufficiently small such that (14 ~vZ a(z)) > 0 for all z.

As calculated earlier, the score vector of this parametric submodel is simply a(X), and since any « is the

limit of bounded mean-zero functions of X, we are done. O

Lemma 3.4.3 Aj; is the space of all q-dimensional random functions a(e, x) such that
Ela(e, X)|X] = 0,E[a(e, X)eT|X] = 0.
Proof: As before, we have E[S.,, (¢, X)|X] = 0. Furthermore, since E[¢|X] = 0, we have

/ps|x(€|$771)5Td5 =0,

so by essentially the same argument, we have E[S., (¢, X)eT|X] = 0.
Hence, for any 71, any element a(e, X) € A,, must satisfy E[a(e, X)|X] = 0,E[a(e, X)e”|X] = 0. On the
other hand, to show that every element of A, is either part of some A,, or the limit of such elements, we

can consider the parametric submodel

pEIX(€|I7 'Yl) = pOe|X(€|x)(1 + 7?@(5, .CE))

The score vector here is S, (¢,2) = a(e, ), which finishes. O

Lemma 3.4.4 Ay, is orthogonal to Ass.
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Proof: By a similar argument to before, we have, for any a(X) € Ass and a(e, X) € Ay,

E[a” (X)a(e, X)] = E[a” (X)E[a(e, X)|X]] = 0.

Going forward, we will write A1s = A1sq N Aqsp, Where
Aisa = {aa(e, X) : Elaq (e, X)|X] = 0}, A1sp = {ap(e, X) :E[ab(g,X)gT\X} = 0}.
Lemma 3.4.5 We have A15, = As,.

Proof: By the usual proof, we have that A;s, is orthogonal to Ass;. Now, take any h € H. We have
E[h|X] € Ags and h — E[h|X] € A1s,, which implies h = E[h|X] + (h — E[h|X]) can be written as the sum of

an element of Ass and A1, and since h € H was arbitrary, this finishes. O

Remark 3.4.6 Note that, from the above proof, we also have II(h|Ass) = E[h|X] and H(h|A1sq) = h —
E[h|X].

Lemma 3.4.7 We have Aos C Aqgp.
Proof: We have, for any a(X) € Ay,
Ela(X)eT|X] = a(X)E[eT|X] = 0,

so a(X) € Aygp. O

Lemma 3.4.8 We have
A= AQS S7] (Alsa N Alsb) = Alsb-

Proof: For any hy € Agg, by the previous lemma, we have hy € Aqg. Also, for any hy € (A1sq N A1sp), we
clearly have hs € Aiq, as well. Hence, hy + hs € Ajgp.
On the other hand, for any h € Ajgp, we have E[h|X] € Ags C Ajgp, which implies h — E[h|X] € Aqg.

However, we also have h — E[h|X] € (A1sa N A1sp)- O
Putting everything together, we have

A=Ay = {h(e, X) : E[h(g, X)eT| X] = 0}

Theorem 3.4.9 We have
A = Ay, = {A(X)e},

where A(X) is a matriz of arbitrary q x d-dimensional functions of X. We also have
h(e, X) = I(h|A1s) = g(X)z,9(X) = E[h(e, X)e" |X](E[ee” | X]) 71,

M(h|A1) = h — E[he” | X](E[ee” | X]) e,
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Proof: First, take some arbitrary a; € Aig. Then, we have
Elaj (¢, X)A(X)e] = E[E[aj (¢, X) A(X)e| X]] =

By the definition of Aig, Elap(e, X)eT|X] = 0, which implies that, for all j = 1,...,q,5 = 1,...,d,
Elap;(e, X)e;|X] = 0. Thus, we have

Elai (e, X)A ZAJJ Elay;(e, X)ej | X] = 0,

which implies {A(X)e} and A;4p are orthogonal.

To show they are orthogonal complements, let h € H be arbitrary. We wish to show that there exists
some g(X) such that h(e, X) — g(X)e € A1g. By solving the restriction equation E[(h — g(X)e)eT|X] = 0,
we get

9(X) = E[he” [X](E[<"|X]) ",

which finishes. (]

Recall that influence functions ¢(e, X) of RAL estimators for 8 are elements of the orthogonal complement
of the nuisance tangent space such that ]E[cp(a,X)Sg(a,X)} = I. Hence, beginning with any A(X), if we
let (e, X) = CA(X)e for some normalization C, if we set C' = [E[A(X)eS] (e, X)]]™", we will have the
desired property. Hence, we consider an m-estimator for 8 of the form > ; CA(X;)(Y; — u(X;, 8)) =0, or,

equivalently,
D AX)(Yi - (X, 8) =0
i=1

To derive the EIF, we examine the efficient score, which is given by
Sest(e, X) = Sp(e, X) —T(Ss(e, X)|A) = E[S5(e, X)eT | X]V (X )e,

for V(X) = EleeT | X].
To calculate Sg, recall that our density was given as n1(y — pu(z, 8), z)n2(x), for ni(e,2) = pox (¢]x) and

M2(z) = px(z). Fixing the nuisance parameter at the truth, we get

Ono(e,x)

Sp(y, =, Bo,no(-)) = ﬁ

B=Bo

From the model restriction, we have

/ (v — . B))moly — (e, B),x)dy = 0,

S0
0
a’ﬁ /(y — u(z, B))moly — pu(x, 8), x)dy e =0.

Moving the derivative into the integral gives

[ -D@moteaidy+ [ uw, o) s ay o
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where D(z) = MTBO) Since 119 is a density, it integrates to 1, so the first integral integrates to —D(x).
B n g g g

For the second integral, we have

Inole,x
% — mo(e, 2)S% (e, ),
so we have
—D(z) + E[sSg(e,XﬂX =s] =0,
or

DT () = E[Ss(s, X)eT | X = z].

Solving, we get
Sefe(e,X) = DT(X)VH(X)e,

where D(X) = % Hence, we get the optimal estimator by solving the equation

> DT(X)VTHX) (Y — (X, B)) = 0.
=1



Chapter 4

Deriving Influence Functions

We have now characterized efficient influence functions, but to actually use them in practice, we need to be
able to derive them for a given causal parameter U(P). Often, via prior work, the EIF (efficient influence
function) has been derived for many standard causal parameters, but this is not always the case. In this
section, we detail some methods for calculating influence functions. There are two methods one could use.
The first is to pretend that data are discrete, calculate an influence function, and then convert this to a
continuous influence function and verify that pathwise differentiability still holds.

While this approach is useful, it is often easier to take advantage of the fact that the EIFs of many
causal effects have been calculated before. Hence, given a new causal parameter, if one can write it in terms
of causal parameters with known influence functions, it is possible to use the rules of calculus to calculate
influence functions of new parameters, as we illustrate.

These two methods are taken from (Kennedy, 2024) and provide a robust toolkit to derive influence
functions in general. (Y.-C. Chen, 2022) showcases an additional example of using influence function building
blocks to calculate the LATE functional in an instrumental variables regression without covariates (a less

general case than Example 4.1.6).

4.1 Methods

In the case of discrete data, we compute the pathwise, or Gateaux, derivative of the parameter in the direction

of a point mass. In particular, if §, = I(Z = z), we consider the submodel (1 — €)dP(z) + €d,+, the score is

5. — dP(2) _ 0

9 log ((1 — &)dP(2) + €5,/)|e=0 = (1= )dP(2) + £ le=0 PE) b

Oe

hence

/ (2 P)se (2)dP(2) = o(2'; B).

In particular, this implies the pathwise derivative

(1~ )dB(:) + b2

26
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which lets us calculate the influence function.

Example 4.1.1 We examine the very simple functional ¢ = E[Y|X = z]. In the discrete case, again let
5, = I(Z = z) and consider the submodel P.(Z = z) = (1 — e)P(Z = z) + &b,/ for some fized z’. Then, we

can calculate

. P(Z=2 (1-9PZ
Pe(Y =ylX =2) = g =) ~ 1= oP(X

2)t+el(z=2")
z)+el(zx=2a')

Hence, we can calculate the Gateaux derivative:

(1 = &)P(2) + €0r)|e=0 =

d d (1-e)P(Z=2)+el(z=2")
de 7%:

- P(X =x)?
- I(ZZZI)—P(ZZZ)_I(X:ml)_P(X .Z') _ —
= Zy:y ( P(X = ) P(X =) =X )>
S e L )

y(’I(x =a') I(z=2"E[Y|X = z]

P(X = ) P(X = z)

Converting this to a continuous functional, we get the influence function of E[Y|X = ] is

I(X =2)
Z;P)= —— (Y = E[Y|X = z]).
When wusing this method, one should take care to check that pathwise differentiability holds with the

conjectured influence function. In this case, pathwise differentiability can be checked to hold, although we

omit the proof here.

We can also build influence functions from smaller influence functions. As one would expect, the rules of
calculus apply to influence functions. In particular, if we consider the operator IF : ¥ — Lo(P) that maps

Y — (z), we can use:

Lemma 4.1.2 We have
TF(Y1apa) = IF(3p1)1ha + 1 TF(1)2).

Proof: Let p1 =1IF(¢1) and @o = IF(13), so by definition, we have

0

Sei(Polmo = [ i Pls()d (o).
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Then, we have, by the product rule,

SEa(P)m = Y (Fo) 5 (P lemo + et (P2)ecotia(Fo)
— (P / 0223 B)s(2)dB(2) + 1 (Po) / o1(2: P)s(2)dP(2)
= /(¢1<P2 + aip1)s(2)dP(z),

as desired. g
In a similar manner, other standard derivative rules like the quotient and chain rules can be applied to

the influence function operator.

Lemma 4.1.3 We have

IF <¢1> TF (1) — 1 IF (1)

by ) V3

Lemma 4.1.4 We have
IF(f()) = ' () IF(Y).

We can use this to calculate the influence function of more complex functionals:

Example 4.1.5 For covariates X, binary treatment D, and outcome Y, consider the functional given by
v = E[EY|X,D = 1]]. Let u(z) = EY|X =2,D = 1], n(z) = P(D = 1|1X = z) and p(x) = P(X = z).

Then, we have:

IF(y) = IF (Z u(fc)p(fc)>
= IF(u(x))p(x) + p(x) IF(p(x))

=30 RS @)ole) + () 1(X = 2) =)

D
= ——(Y —u(X X)—.
7T(X)( w(X)) + p(X) =4
In a similar manner, one can derive that the influence function of the functional v' = E[E[Y|X, D = 0]

is given by
1-D

m(X)
where 7' (x) =P(D =0|X = z) and p/(z) =E[Y|X =2,D =0].

(Y = p/ (X)) + ¢ (X) =4,

From the above example as well as noting that influence functions combine linearly, we can derive that

the influence function of the average treatment effect functional
¢ =E[E[}Y]X,D=1] - E[Y|X,D =0]]

is given by

PXDLY) = (V= u(X. 1)) 4 (X.1) ~ s

W(X) (Y*M(X,O))*ILL(X,O)*QZJ,
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which can more succinctly be written as

2D —1
X.DY)=——Y —u(D, X 1,X) — w0, X) —
PX,D.Y) = Z5s (V = (D X)) + (1, X) = (0. X) ~
where 7(d, X) =P(D =d|X) and (D, X) =E[Y|X, D].
To illustrate how this method quickly builds up to influence functions of complex functionals, we can then
use this influence function to calculate the influence function for the local average treatment effect among

compliers in an instrumental variables regression:

Example 4.1.6 Consider the setup of an instrumental variables regression, so in particular, we have the
data W = (X, Z,D,Y) where X are covariates, D the treatment, Z the instrumental variable, and Y the
outcome. Under necessary assumptions (given, for example, in Chapter 13 of (Chernozhukov, Hansen,
Kallus, Spindler, € Syrgkanis, 2024)), the average treatment effect among the compliers (those who followed

the recommendation of the instrument) is given by

_ E{E[Y|X,Z =1]-E[Y|X,Z = 0]}

v= E{E[D|X,Z =1] - E[D|X,Z = 0]}

The numerator and denominator are both average treatment effects. Write

)= Y1 Y1 =EE[Y[X,Z =1] -E[Y|X,Z =0]],9» =E[E[D|X,Z = 1] - E[D|X, Z = 0]].

P2’

The influence functions @1 and @s for 11 and s are given by

o1 = 22— W(ZX) + 0(1,X) — 0.~
" _ 2Ly Lizx 1L, X X
Y2 = W(Z,X)( =n(Z,X)) +n(1, X) = n(0, X) — s,
where W(Z,X) = E[Y|Z, X] and n(Z,X) = E[D|Z, X|. Then, using the quotient rule, we have:
e
_IF() 4 IF ()
(G Y2 o
1 27 —1
- % <7‘(‘(Z,)()(Y —u(Z, X)) + p(1,X) — (0, X) - 7/)1)
v [ 22 -1
RS (W(Z,X) (D =n(Z, X)) +n(1, X) = (0, X) - wz)
1 (221 0y 1
- (W(Z,X)(Y — w(Z, X)) + p(1, X) — p(0,X) — o (W(Z,X) (D — (2, X)) + (1, X) n(o,x>>)

Derivations for even more common influence functions using these methods are given in Section 3 of
(Kennedy, 2024).



Chapter 5

Targeted Maximum Likelihood

Estimators

Having developed the theory of influence functions to help characterize efficient estimators, we now turn to
actually constructing estimators that will achieve our desired statistical properties. In particular, given an
initial estimate of the data-generating distribution, we want to modify it so that the plug-in estimator on
the modified distribution has an asymptotically linear expansion in the EIF. In this chapter, we introduce
the Targeted Mazimum Likelihood Estimator (or TMLE), which works by fluctuating an initial estimate of
the data-generating distribution along a direction chosen to yield an asymptotically linear expansion with
the efficient influence function.

To motivate this further, recall that, given some estimate P of the true probability distribution P, the

von Mises expansion at (P, P) gives
V(B) ~ 9(B) = - [ PP + Ral®P),

since [ ¢(z; ]fDdI@’(z) = 0 as ¢ is mean-zero. In particular, the plug-in estimator zZA)plug = 1/)(1@) has a first-order

bias — [ ¢(2;P)dP(z), which leads to the natural one-step estimator

ione—s‘cep = ’([}plug + Pn((;O(Zy IAP)))a

where P, is the empirical probability distribution from data. However, one can imagine instead fluctuating
the estimated distribution P so that the first-order bias term is naturally removed - in particular, constructing
a fluctuated estimate P* such that P, (¢(Z; P*)) ~ 0, so that

Y(B*) = p(B) + Po(p(Z; 7))

and the targeted estimator behaves the same as the one-step estimator asymptotically, removing first-order

bias.

The seminal paper for the TMLE is (Van Der Laan & Rubin, 2006), where many of the asymptotic results

in this section are taken. We refer those more interested in the applications of the TMLE to (Van der Laan,

30
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Rose, et al., 2011), with a more modern treatment in (Van der Laan & Rose, 2018).

5.1 Defining the TMLE

Remark 5.1.1 In this chapter and going forward, we will use D* to refer to the EIF, or canonical gradient,

matching the typical notation in the TMLE literature.

The TMLE procedure, as defined in (Van Der Laan & Rubin, 2006), proceeds as follows. Say we want

to estimate some parameter of interest ¥ at p2.

1. Begin with an initial density estimator pY based on the empirical probability distribution P, and choose

a parametric submodel p? () with score function D*(p?).

2. Define

e(P,p)) = argmax_ Y logp)(€)(0;), py, = po((Palp))-
i=1

3. Iterate to get
Pt = o (E(Palpr)
and define
Yn = lim U(pF).
k—o0
The fact that this procedure actually does the fluctuating we want it to do is elucidated by the following

claim:

Theorem 5.1.2 Let

0 .k K’
- 20, K0
lim lim sup | P,, 2= - n -0
0 e | R AA(O)

and let there exist a constant matriz Ay, for each k such that Ay I:"Z = D(pF) with limsup,,_, . ||Ax|| < co.
. ,
If e(P,|pk) is such that P, %5&()5) =0 for all k and e(P,|pt) — 0 for k — oo, then

P,D(pk) =0

for k — oco.

k— o0

Proof: If (P,|pF) === 0, then by the given limsup condition, we have

b MPZ<6<Pn|pz>>]

Py (e(Palpr))

Pﬁl (0) k—ro0
mm] o

Pk (0)
p7;(0)
theorem statement, since its norm is uniformly bounded in k, we can apply Aj to this limit and maintain

From the definition of £(P,|pk), the first term is 0, so we have P, — 0 as k — oo. Defining Ay, as in the

it, getting P,, D(pk) — 0, as desired.
O
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Roughly, Theorem 5.1.2 tells us that as long as our € estimates go to 0, we will also eventually solve the

equation P, D(pF) = 0. This is, of course, the eventual goal of the TMLE estimator.

Definition 5.1.3 Let F be a collection of square integrable functions on some probability space with distri-

bution P, and define the empirical process G, via

where Py, is the empirical measure of an i.i.d. sample from P. Then, F is a P-Donsker class if (G,)%2

converges in distribution to a tight Borel measurable element G in £>°(F).

The following result, which we state without proof, will be used repeatedly. We refer the reader to Section
2.1.2 of (Van Der Vaart & Wellner, 1996) for further exposition.

Definition 5.1.4 Define the seminorm
pr(f) = (P(f =P

An empirical process Gy, is asymptotically equicontinuous if, for every e > 0,

lim lim sup P* sup |Gn(f—g)>e] =0
80 n—oo pr(f=9)<6

(where P* denotes outer probability).

Theorem 5.1.5 A class F is Donsker if and only if F is totally bounded in Lo(P) and that the associated

empirical process G, is asymptotically equicontinuous.

5.2 Efficiency & Asymptotic Linearity

In terms of efficiency theorems, we have the following particularly strong result in the case of a convex model

and linear causal parameter:

Theorem 5.2.1 If P,D(pt) — 0 for k — oo, then we can pick K = K(n) large enough such that the TMLE

pn = pE satisfies
1

7

Let % < oo uniformly on the support of pg, M be convex, ¥ be linear. Then, we can write

P,D(p,) = R(n,K(n)) = op(—).
U(pn) — ¥(po) = (P — Po)D(py) + R(n, K(n)).

If D(py) is in a Py-Donsker class w.p. tending to 1, then it follows that we can write

U(pa) — o = Op (\/15) .

To prove this, we first take a detour to the convex/linear case.
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5.2.1 The Convex/Linear Case

Say that T is a random variable with distribution function F', and we only observe X = ®(T,C), for some
mapping ¢ and censoring variable C. The probability distribution of X can be indexed by the distribution
F of X and the conditional distribution G of C|X, denoted as Pp¢.

Definition 5.2.2 The conditional distribution G(-|T) of C satisfies coarsening at random, which means
that, for every t,t’,
Py |r—¢(dx) = Px|p—y(dz) on {z : t,t' € C(x)}.

In other words, p(z|t) = h(x) for some function h.

In this setting, we say u = Fr = [ k(t)dF(t) is a parameter of interest, with p,, = F,x = [ K(t)dF,(t)

as an estimator. The key ingredient here is the following lemma from (M. J. van der Laan, 1998).

Lemma 5.2.3 Let F,, be an estimator of F, and for o € [0,1], let Fj,(a) = (1 — «)F,, + aF. For each F,
denote by g("F,G,Ii) the EIF of Fx at Pp. Suppose, in addition:

1. Fk is pathwise differentiable at every F € {F,(a) : o € [0,1]}.
2. F <y Fy or U(-|Fp(@), G, k) — L(-|Fy, G, k) for a — 0 with respect to the L'(Pr.q) norm.
Then,

Fok— Fr=— /Z(xan, G, k)dPrc(z).

Proof: For each F} < F, define a line from F; to F' with densities

fi—f
f

fu(e) = (1 +eh)f,h= € L3(F).
Since the model is convex, restricting ¢ € [0, 1] means these lines form submodels. The scores are just given
by the set of h = %. We have

% log(psue).c)|__, () = Ar(h)(2)

where Ap : LE(F) = L3(Prc), h — Er[h(T)|X] is the score operator of F (as seen in the first section).
We have

(o by = ©

- (Fn(e)k — Fk),

since the pathwise derivative of Fx along Fp(e) is (k, h), which is the right side by definition. We have
dFy,(e) = (1 4+ eh)dF, so we have

Fh(a)n:/mth(s):/Kz(l—i—s(W))dF:(l—s)/mdF—i—a/ndFl — (1—2)Fr +eFir.

Hence,
Fn(e)k — Fk = e(F1k — Fk),

S0
(k,h) = F1k — Fk.
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Since F' — Pp ¢ is linear, we have
Pp,(e),g = (1 —¢)Prg +€Pr, q,

by similar logic as the previous. Hence,

d
£dPFh(E),GL:O = dPp, ¢ — dPpc.

Thus,

d L dPp, (e),cle=0  dPp, ¢ — dPrg
Ap(h) = - logdPp,o)q| _ = E=rEOGen TN :
F( ) de 08 4L Fn ()G e=0 dPF,G dPF,G

Hence,
/ U(@|F, G, 1) Ap(h) (2)dPp.c(x) / i(«|F. G, k)dPp, (z) — / U(@|F, G, r)dPr.(x).
Since ¢ has mean zero with respect to Pr g, we have
/ U(@|F. G, k) Ap(h) (2)dPrc(x) = / U(@|F. G, x)dPr, (x).
We have

<'L€’ h> = <Z(‘F> G, ’i)’ AF(h)>PF,G’

which implies that
Fir— Fr— /E(x\F, G, #)dPr, c(z).

This holds for any F} < F. Swapping F' and Fj, we get that, for any F < F,
Fr— Fik= /g(x|F1, G, k)dPp q(x)

or, equivalently,
Fik—Frk=— /Z(!E|F1, G,k)dPrpc(x).

If FF <, F,, we can set F; = F,, and finish. However, if not, we have F' < F,(a) for a # 0 (since
Fy(a)=(1-a)F, +aF =0 = F =0 for a # 0). Thus, if {(:|F,(a),G, r) = {(F,,G, k) as a — 0, the
identity will also hold at F; = Fj, by continuity, which finishes. O

We now fill in the proof of Theorem 5.2.1 from (Van Der Laan & Rubin, 2006), which only provides a
sketch of this proof.

Proof: In the case of a convex M and linear ¥, we can write ¥(p) — ¥(pg) = —PyD(p) for any p,pp € M
with p < po (equivalently, po/p < 00). By the previous result, if pS° € M, we have P, D(pS°) = 0, using
e in place of p gives

Y(py’) — ¥(po) = (Pn — Po)D(pyy).
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Now, define the process G, (f) = v/n(P, — Py)f, so the previous becomes
V(Z(p) = ¥(po)) = Gn(D(py))-

Let F be a Py-Donsker class such that, with probability tending to 1, D(p$°) € F. Since F is Py-Donsker, G,
converges in distribution in £°°(F) to a tight limit G, which implies that supsc 7 [Gn(f)| = Op(1). Hence,
if D(pse) € F, we have |G, (D(p))| = Op(1), which implies

(Pu = Po)D(pyY) = Op(n™ %),
with probability tending towards one. Hence,
U(pi) = U(po) = Op(n~?),

which proves the second statement when noting ¥(pg) = o. O

Corollary 5.2.3.1 If Py(D(p°) — D(p1))* & 0 for some p1 € M, then

1

U(pn’) = ¥(po) = (Pn — Po)D(p1) +op(n”2).

Hence, U (p2°) is asymptotically linear with influence function Do(p1) := D(p1) — PoD(p1), and if D(p1) =
D(po), then the TMLE is asymptotically efficient.

Proof: We begin with the identity
U(pp) = ¥(po) = (Pn — Po)D(py”)-
From this, we can write
U(py) = V(po) = (Pn — Po)D(p1) + (P — Po)(D(py”) — D(p1)),

and noting that PyD(p;1) is a constant and therefore (P, — Py)PyD(p1) = 0, we can write

U(py) — Y(po) = (Pn — Po)Do(p1) + (P — Po)(D(py’) — D(p1)).

Hence, it remains to show that (P, — Po)(D(p°) — D(p1)) = op(n~2), or, equivalently, that G,,(D(p°®) —
D(p1)) = op(1).
Since D(p2) is contained in a Py-Donsker class F with probability tending towards 1, then, with prob-

ability tending to 1, by Theorem 5.1.5, G,, is asymptotically equicontinuous with respect to p(f,g) :=
(Po(f — 9)%) on F. In particular,

sup |G (g — h)| 20,
g,h€F,p(g,h)<é



36 CHAPTER 5. TARGETED MAXIMUM LIKELIHOOD ESTIMATORS

and since p(D(p®) — D(p1)) £ 0 (by assumption), we have
Gn(D(py’) — D(p1)) = op(1),

which implies

(P — PO)(DG) — D(py)) = op (\}ﬁ) .

Plugging this back into the initial identity yields
U(py’) = U(po) = (Pn — Po)D(py’) = (P — Po)D(p1) + (P — Po)(D(py’) — D(p1))

= (P, — Py)D(p1) + op (\}7—) )

as desired. 0O

5.2.2 The General Case

This is quite a strong consistency result in that it is robust to the starting density p¥ - this is mainly due to
the strong assumptions of the convexity of M and linearity of ¥. When this is not the case, we can still get

the following result:

Theorem 5.2.4 Let p>° € M denote the limit of the TMLE algorithm if it exists, and otherwise a p& for
large enough k such that P, D(pS®) = 0. Assume ¥ is pathwise differentiable and write

U(p) — ¥(po) = —PoD(p) + R(p, po)

for any p € M. If D(pS) is in a Py-Donsker class with probability tending to 1 and R(pS°,po) = 0p(n_%),
then

() — W(po) = Op (;ﬁ) |

so W(pS) is \/n-consistent.

Proof: The proof proceeds roughly the same as in the convex/linear case. Since P,D(pS°) = 0, we have
U(pn’) — ¥(po) = (P — Po)D(py’) + R(pyy, po)-
As before, define the empirical process G, (f) = /n(P, — Po)f, so this identity becomes
V(¥(py) = ¥(po)) = Gu(D(pY)) + VRR(p . po) = Gn(D(py’)) + op(1),

using the assumption that R(p°,po) = op(n~2). Let F be a Py-Donsker class such that D(p2°) € F with
probability tending to 1. This implies that sup;c# |G (f)| = Op(1), which implies that, with probability
tending to 1,

(Py = Po) D) = Op(n”%),
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which implies that
U(pY) = W(po) = Op(n~?)

when plugging back into the previous. (|

Remark 5.2.5 The added assumption that R(pS®,po) = OP(ﬁ) is essentially the cost of not assuming the
strong structure of a convex model and linear parameter. Assuming this structure sets this remainder term
to 0, as shown via the identity of (M. J. van der Laan, 1998), so if this is not the case, we need some

assumption to control this remainder term.

Using similar reasoning, we have a similar corollary to the convex model and linear target parameter case

as well:

Corollary 5.2.5.1 If, in addition to the previous assumptions, Po(D(p>®)—D(p1))? =20 for somep; € M,

then U(p°) is asymptotically linear with expansion

V(py) = ¥(po) = (Pn — Fo) D(p1) +op (%) '

Hence, if D(p1) = D(po), we have asymptotic efficiency of the TMLE.

This proof exactly mirrors the proof of Corollary 5.2.3.1, so we omit it.

5.3 Targeted Minimum Loss-Based Estimation

A simple modification to TMLE (also aptly named TMLE) is targeted minimum loss-based estimation, where
the parameter of interest W(P) is represented as W (Q(P)), where Q(P) = argming PL(Q) for some loss
function L(Q) that is dependent on the data O. The canonical gradient D*(P) can then be written as
D*(P) = D;(Q(P),G(P)) for a nuisance parameter G.

The full targeted minimum loss-based estimation procedure proceeds as follows:
1. Begin with an initial estimator (Q2, G?).

2. Define a local least favorable submodel QY . such that L L(QY .)|.—o spans D*(Q%,GY) (in other

words, (D*(Q7,G7)) € (£ L(Q7 2)l-=o)-

3. Update Q! = QF , where ¥ = argmin_P, L(QF ).

n,ek? n,e

In the end, the resulting TMLE will satisfy P, (D*(Q},G2)) = 0, and we will obtain a corresponding
TMLE ¥, (@) for ¢9. The main difference here is that we use a generic loss function L rather than log-
likelihood for the update step. This is a simple change that allows for more generality in the framework -

an example will be given in the next section.

5.4 Example: Mean Missing at Random

A good example of implementing the TMLE in practice is given by (Dfaz & Rosenblum, 2015), which
implements several different TMLESs, using different parametric submodels, for the mean missing at random

problem. This shows the amount of variety and choice that even the framework of the basic TMLE gives.
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We begin with the setup. Say we have observations O, Oa, ..., O, observed as O = (X, M, MY) ~ P,.
Here, the covariates are represented as X and the binary missing flag is M - if M = 0, we always observe
MY = 0, so we only observe Y if M = 1. We assume that the binary outcome Y is “missing at random,”

so M is independent of Y given X. We also assume overlap/positivity for identification of causal effects.

Throughout, denote the marginal density of the covariates by px (), the propensity as py;(X) = P(M =
1/X), and the outcome regression as u(X) =Ep[Y|M =1,X]| = P(Y = 1|M =1, X) (here, P refers to the

overall density). Our functional of interest is
U(ps px) = Eyx) [Y] = Epy [W(X)].
The efficient influence function for this scenario was calculated in Example 4.1.5, and is given by

D(p,0) =

oo (%) (Y = (X)) + u(X) = ¥ (p, px).-

Note that via conditional factorization, we can write the full density p(z, m, my) as

p(x,m,my) = p1(x)pa(m|z)ps(mylz, m).

The density p; is exactly px. Since M is binary, the density pa(m|z) is exactly characterized by pas(z) =
P(M = 1]X). Finally, since Y is binary, ps(my|m, x) is fully characterized by P(Y = 1|M,X) =Ep[Y|M =
1, X], which is exactly ©(X). Hence, we can equivalently write D(p, O) as a function of px, pas, i, O, which
we may find helpful to do for implementations of the TMLE where we choose to fluctuate px,pas, 1t as

opposed to the whole density p at once (this may be more tractable).

5.4.1 One-Step Implementation

We begin with an implementation that converges in one step - more on this kind of TMLE will be discussed
in Chapter 6.

We begin with an initial estimate of px to be p%, the empirical distribution of the covariates X from the

given dataset. Initial estimators u® and p%, for u and pys are also defined.

Owing to our decomposition of the density p into px,pas, i, we describe our fluctuation p. in terms of

fluctuations to px,par, u. Given p*, we define the parametric submodel

logit (12£(X)) = logit (u*(X)) + eHy (X), Hy (X) =

We keep the propensity p%, unchanged from its initial estimator (we do not define a fluctuation for it),

and for px, we define the parametric submodel
P 0(X) o< exp(log p (X) + 0H (X)), Hy (X) = 1 (X) = Epp [u"(X)).

To show that this submodel fits into the broader TMLE framework, we must ensure that, under these
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submodels defined for px, par, i,

o
+ = log pj . (0)

0 0
D(pk7o) = D(pé:bpﬁ/[?/’(‘kvo) = - lng];(O) = % 10gp’§(79(0) 85
0=0

Oe

e=0 e=0

where we can ignore the term from pj; on the RHS as the estimator of pjp; is not modified from its initial

state.
Beginning with p*, we have
p (X)) = expit(logit px(X) + eHy (X)).

Then, we have
9
9ete

since 0/(z) = o(z)(1 — 0(z)), where o is the sigmoid (or expit) function. Setting ¢ = 0, we get

(X) = Hy (X)pg(X)(1 - pf(X)),

9 i

SHEX)| = Hy (X)ut(X)(1 = (X)),

Now, p3.. can be viewed as a binary distribution with success probability p* if m = 1, and always equals

0 otherwise. In particular (conditioned on m, z),

ps,e(my) = (pE(2)? (1 — k() =0)",

where the probability should be 1 if m is 0 since we are conditioning on m. Hence, the log-likelihood is given
by
m(ylog ut (z) + (1 — y)log(1 — uf(x)).

Differentiating with respect to €, we get

m(l —y) pt () = MHy (X)pk(X)(1 - pk(X)) (

my 0 l-y) 0
1 — pk(z) 0e"*

Setting ¢ = 0 and simplifying, we get

Dlowph(0) = MEy(X)(V — p5(X)) = (Y (X))

e=0

For the p% , term, we can write
P o(X) = Z(6) exp(log p (X) + 0HY (X)),

where

2(0) = ( [ exvtiog (o) + ot <x>>dx) B
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is a normalizing constant. This means
log p ¢(X) = log Z(6) + log p (X)) + 0 H (X).
Differentiating with respect to 6, we get
2 1ogph (X) = 94, Z(0) + H(X)
90 2PXx,0 = 99 g X .
We can write

D 100y — L0 gy I B oo (2) + OHE@))dr [ HY () expllogph(x) + 0% (x))d

a0 Z(0) 06 [ exp(log p% (z) + 0HY (z))dx [ exp(log p% (z) + 0HY (z))dx
Evaluated at 6 = 0, we get
b [ HY (x)ph (x)de _ _
gponzo)] = LGB g (1 (30) = By () By o)) =0

0=0

Thus, we have

A 10apl o(X) = HE(X) = 4 (X) — By [ (X)) = i (X) — W),

Putting everything together, we see that

which means these parametric submodels comprise a valid use of TMLE.

We can make this TMLE converge in one step by implementing it as follows. Note that the MLE of px,
in the nonparametric model, is exactly p%, so the fluctuation parameter g for p% will be fit to 0 in the first
iteration of the TMLE.

To fit the fluctuation parameter € for the logit model for u°, we can fit a logistic regression of the outcome

Y on the covariate Hy (X) = ﬁ(x) among data with M = 1, with offset logit u°(X). The associated score
M

equation for this logistic regression is derived by deriving the loss function

L(e) = > M;[Yilog pi2(X;) + (1 = Vi) log(1 — p2(X,)))]

i=1

with respect to €. We have:
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13 1og p2(X) + (1 — i) log(1 — p2(X.)

Yde
i dug i) 1-Y dpd(Xs)
de 1—p(X;) de

Xi)(1 = p2(Xq))  de

2
>l
i J\(4Y ME(X)) dpd(X)
>

M;(Y; — Ne( X)) uO(Xz‘)(l _ ug(Xi))HY(Xi)

= pQ(X3) (1 — p2(X3))"~
& M o
- ;p%f(Xi)(Yl pe (X)),

where we use the fact that

At €, we have

Y e (Y- (X)) = 0.

Py (Xi)
Setting
L 0 . 0 €
uh(X;) = pd(X;) = expit (loglt wo(X5) + ) )
(X) = p2(X,) X+ o)
we get
: (Yv - Nl(Xz)) =0
20

On the second iteration, the score equation being solved by the same logistic regression is

- €
; — expit <logit pt(X5) + )) =0.
; Dy ( () Py (X0)

This is clearly solved at € = 0, so by convexity of the objective, the algorithm terminates in one step, with
the point estimate TMLE being ¢ = p(X;).

One can imagine implementing the fluctuation for p as
logit p*(X) = logit u*(X) + ¢,

and instead running a weighted logistic regression with weights and offset logit p*(X). This imple-

P, (X) (X)
mentation also converges in one step by essentially the same argument as before, but this is an example of
targeted minimum loss-based estimation, using the weighted log-likelihood loss as opposed to the standard
log-likelihood to fit €. (Diaz & Rosenblum, 2015) finds that, in large samples under misspecified data, this

method may perform worse than standard TMLE, although it performs similarly in other settings.
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5.4.2 General TMLE Implementations

One can also adhere more closely to the TMLE framework by fluctuating the entire density. So far, the
submodels we have seen have been linear fluctuations, but it is also possible to use exponential tilts as in
(Diaz & Rosenblum, 2015), which we showcase here.

One possible exponential tilt to use is, at iteration k,

pE(O) = c(e,p") exp(eD(p*,0))p" (0),

where .

o(e.p") = [ [ ewtent 0t 0)iv o)

is a normalizing constant. At ¢ = 0, we have ¢(0,p*) = 1, so the parametric submodel at ¢ = 0 passes
through the truth.

To verify the score requirement of a parametric submodel, we calculate:

d d d
7 08 p2(0)|-=0 = —loglexp[eD(p",0)]]|  + ——loge(e,p")

de
e=0 e=0
— Dk, 0) + dii log { / exp{eD(p", 0)}pk(0)d1/(0)} _1]
=0
= D0 - 5 Jlog | [ exp(eDl" N 0)iv(0)| 1o

=
-1
[ p Dl i 0)iv(o)]| L [ expleDl ) 0)iv o) ||

[ vt 0t (0)d <o>] oo

— D(p*,0) — c(0,p") / D", 0)p"(0)dv(0) = D(*, o),

Several exponential tilts are possible. Another tilt considered by (Diaz & Rosenblum, 2015) is
pE(0) = c(e, p*) (1 + exp(-2:D(p", 0))) ~'p*(0),

where .

(et = [ [0+ exp(-22D0¥,0) 3 O)iv(0)

is a normalizing constant. Again, at € = 0, this normalizing constant evaluates to 1, so it remains to check

the score requirement to verify that this is a valid parametric submodel:
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d d
— logp§(0)|8:0 = —log c(e,pk)

d k
de de — 5 log(1 +exp(=2¢D(p", 0)))

e=0

e=0

+ D(p*,0)

e=0

-1
= d% [log {/(1 +exp(—25D(pk7O))—lp’f(())dy(oﬂ

— D(p*,0)— [ [+ o2 0>>1pk<0>du<0>] .

. dis /(1 + exp(—2eD(p*, 0))) " 1p*(0)dv(0)

e=0

= DR.0) = [elews) [ S0+ exp(~2:D(3%.0)(0)v(O)

e=0

— D(*,0) — c(0,p") / D, 00", 0dv(0) = D, 0),
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showing that this is an alternative valid parametric submodel as well. This example shows that many

possible parametric submodels or fluctuations are possible when implementing TMLE (even in its base form).

The remaining chapters study variants of TMLE that modify this basic construction in different ways.

One-Step TMLE focuses on the algorithmic question of whether targeting can be achieved in a single update

rather than through iteration. Cross-Validated TMLE addresses empirical process restrictions by using

sample splitting to weaken Donsker-type conditions. Collaborative TMLE changes how nuisance estimators

are selected, allowing the nuisance estimation procedure itself to be targeted toward the parameter of interest.

Higher-Order TMLE extends the bias correction idea beyond the first-order expansion by incorporating

higher-order influence functions. Thus, each extension preserves the central TMLE principle while addressing

a different limitation of the basic estimator.



Chapter 6

One-Step TMLE

The standard TMLE is presented as an iterated method, but it turns out that there exist versions of the
TMLE that allow us to achieve the same first-order correction in a single update, which can be more efficient.
This is done by picking a parametric submodel such that the score function equals the efficient influence
function everywhere, not just at € = 0 (which is the usual requirement).

Much of the exposition for this section is taken from (M. van der Laan & Gruber, 2016).

6.1 Locally Least Favorable Models

Definition 6.1.1 A least favorable model at P is some parametric submodel {P; p+ : €}, dominated by

P, such that the Cramér-Rao lower bound

(dLlE\I/(PE,HE:O)Q

d2 dP, h
—P iz log =55 =0

CR(h|P) =

is mazimized over all parametric submodels {Pe j, : €}, where the function h varies over some set whose mean

square closure generates the full tangent space.

As in Chapter 2, letting Sj, be the score function of P. j, at ¢ =0, we have

(PD*(P)Sh)?

CR(HIP) =
h

Using Cauchy-Schwarz and taking the equality case, we see that the choice of S in the tangent space which
maximizes this is given by S = D*(P), meaning a least favorable model is simply one that has score at P
equal to D*(P).

Definition 6.1.2 A locally least favorable submodel is a submodel such that the optimality of the
Cramér-Rao lower bound holds at € = 0, or, equivalently, that the score at Py, is equal to D*(P):
0 dP. p,

92 %8 p

— D*(P)
e=0

44
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The following lemma provides some motivation on why a locally least favorable submodel is sensible to
consider in the case of TMLE.

Lemma 6.1.3 Under standard smoothness assumptions, we have

(¥(Pep) — U(P))?
dP. n :
dP

CR(h|P) = lim
e=0  —2Plog

Proof: This is essentially just a second-order Taylor expansion. Let ¢(¢) = Plog dijf’, and consider

performing a second-order Taylor expansion of ¢ around £ = 0. Note that £(0) = 0. The first derivative of £
is, by definition, the score Sy. Hence, ¢/(0) = PSj, = 0 since the score has mean zero. The second derivative
is

"(0) = —PSj,

for I the Fisher information of the submodel. Hence, we have
&2
L) = _EPS'% + o(e?),

SO

dP.
—2P]log difph =e?PS? + o(e?),

which means

—erios (%) | o(1).

2 _
PS;, = =
To get the desired expression, we can write
d T \I/( s,h) \I/(P)
%\II(PE,}L) — ;% c )
e=0
SO
d _ 2
(FUPe)] ) )R yp) )y
CR(h|P) = 5 = lim aro = lim 75 ,
PSh e—0 —2Plog( o ) e—0 ,2p10g d;h
62
as desired. O

In particular, the Cramér-Rao bound equals the squared change in the parameter of interest divided
by an infinitesimal change in the log-likelihood at P - hence, maximizing this bound directly affects the
targeting ability. Of course, it would be particularly nice if this property held not just at € = 0, but in a

more global setting. The extension to a universal setting allows us to actually define the one-step TMLE.

6.2 Universally Least Favorable Models

Definition 6.2.1 Let M be some model, and fix some a. Consider the parametric submodel U(P) = {Px :
€ € (—a,a)} such that Py = P. We say that U(P) is a universal least favorable submodel if, for all
€€ (70'7 a);

o, dP.

7,
%8 P

o D*(P.).
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Theorem 6.2.2 Let P be some initial estimator of Py, and let U(P) be a universal least favorable submodel

for a given P. Then, TMLE on this submodel converges in one step.

Proof: In the first step of TMLE, we set our fluctuation

0

n,e

dP?

¥ = argmax_P, log

and set P} = PY

n,e9 "

In particular, further iteration will not give any more updates, since

Since 2 is a local maximum, by the universality of the submodel, we have P, D*(PL) = 0.

1

£; = argmax_P, log d;f =0,

which implies the TMLE converges in one step. O
Of course, this result is only of use if such a universal least favorable submodel actually exists. Fortunately,

we can actually produce an explicit one:

Theorem 6.2.3 Given a starting density p (we can take p = 1), for all e > 0, define

Pe = PEXp (/ D*(Pw)dx> ,
0

and similarly, for e <0, we recursively define

0

Pe = pexp <— D*(Px)dx> .

€

Then, we have {P. : € € (—a,a)} is a set of probability distributions dominated by P with Py = P and, for

each € € (—a,a),
0 dP:

1 _
9 & 4P

so {P: :€ € (—a,a)} is a universal least favorable model.

D*(F.),

Proof: It is essentially by definition that d% log p. = D*(P:), so we just have to check that p. > 0 and that
it integrates to 1 for all e. Nonnegativity clearly holds, so we check the second condition.
Let C(g,P) = [ p-dP for each ¢, and define p. = C(e, P)~'p.. Then, the score is given by

L9, p)+ D' (P,

S(e, P) = C(e, P) Oe

Using the well-known identity P.S(e, P) = 0, in addition to the fact that P.D*(P.) = 0, we must have
%C(s,P) = 0. Hence, C(e, P) is constant and C(0, P) = [ pdP = 1, which finishes. O
Hence, we can always compute a universal least favorable model from any starting density! This submodel

can be practically constructed via discretization. In particular, we have, for € > 0,

e+de
pspﬂ = exp (/ D*(Pm)dx> ~ exp(D*(pe)de) = 1 + deD*(F;),
£ €
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where the last approximation is via a first-order approximation.
Hence, a practical construction for this universal least favorable model is to create a grid 0 = zg < 21 <
.-+ < xy = a, and setting
Pz; = Pa; (1 + (75 — 2j-1) D" (Pr, )

for j=1,...,N. Of course, if M is fully nonparametric, this discretized version will still be a submodel of
M, but otherwise this is seemingly not guaranteed since the process could select probability distributions
that are not elements of M.

To remedy this, we can instead phrase the construction in terms of a limit of the discretized versions.
Assume we have access to a mapping P ~ {P¥™ : ¢ € (—a,a)} € M (a > 0) which maps P € M to a
locally least favorable submodel of M through P at ¢ = 0 with score D*(P). Consider an equally spaced
grid 0 = 2o < 1 < -+ < zy = a, and starting from Py = P, we define p,,, , = plgf?jh forj=1,...,N —1.
Similarly, we set Pezjpq = pl_fr';‘jv_h for —a = —xy < —zNy_1 < -+ < —x1 < —xg = 0. By construction, all
the P; are in M. Letting N — oo gives an alternative construction of the universal least favorable model,

with the guarantee that we never leave our overarching model M.

Theorem 6.2.4 Assuming the Taylor expansion

d
L l
P =p. + %pgf,’}f de + Ro(pe, de),

e=0

where we have the universal bounds
sup sup | Ra(pe, de)(0)| = O((da)Q), sup sup |D*(P:)pe|(0) < oo,
1> o I o

the construction of the universal least favorable submodel given in the preceding paragraph aligns with the

definition in Definition 6.2.1 (so, in particular, the analytic version is an element of M ).

Proof: We can write the Taylor expansion as

d *
plsf,rga =pe + %p}ef,rlrzl de + Ry (pe,de) = pe(1 + deD*(P;)) + O((d6)2),
e=0
SO
€
P = pexp </ D*(Pm)d:v>
0
for € > 0, as desired. The proof for ¢ < 0 is identical. O

6.3 Universal Least Favorable Models for Loss-Based Estimation

The preceding construction can be fairly easily extended to more general loss functions. To reiterate the
setup, let our functional be of the form ¥ (P) = ¥ (Q(P)) for some parameter @, where Q : M — Q(M) :=
{Q(P) : P € M}, and let L(Q) be a loss function for Q, so Q(P) = argmingeoaPL(Q). The efficient

influence curve D*(P) is a function of Q(P) and a nuisance parameter G(P), and we can assume, WLOG,
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that the efficient influence curve lies in the tangent space of @) (otherwise, we can include G in the definition
of @ so that this holds).

Given some (Q, G), as before, we begin with a local least favorable model {QY¥™ : ¢ € (—¢, )} such that

d m *
L@Q™)|  =D(Q.6).
e=0
Our construction of a universal least favorable model would then proceed by defining a grid 0 = zg < 1 <
- < xn = a of equally spaced points. We define Q,,,, = QE;I}%H —a; for j=1,2,..., N — 1. Similarly, we
N -—1.

define a grid —a = —zy < —zy-1 < - < —x9 =0 and set Q, , = Qlfr;lj,—(xﬁl—xj) forj=1,2,..

By similar logic as before, all the elements Q,,Q ., are part of the parameter space Q(M).
As in the previous section, we have the following theorem which shows that this construction, as we take
the grid to be finer and finer, implements an analytic construction that is an element of Q(M). The analytic

construction in question is as follows.

Theorem 6.3.1 Let {QY™ : ¢ € (—a,a)} be a local least favorable model with respect to some loss function
L(Q) such that

4 Qi

L(Q! D*(Q.).

e=0

Furthermore, assume there exists a function L such that

i lfm
L L@

Define the analytic construction

D Qz, 1 [° DY(Qu,G)
Q+/ D@8y g = ¢ B

Assume the second order Taylor expansion

de + RQ(QE, G,d&).
e=0

lfm d lfm
st,da = Q5 + %Qa{h

Also assume the bounds

D*(Q:,G)

supsup |15(Q:. G d2)(0)| = 0<<da>2>,supsup\ e

€ o

(0)’ < 00.

Then, the analytic construction {Q. : €} is a subset of Q(M).

Proof: Let € > 0 be arbitrary - the proof for ¢ < 0 is similar. The Taylor expansion is

D*(Q:, G)

d
P = Qe+ 7 QIR de+ Ra(Qe, G de) = Qe +

B TN de + Ry(Q., G, de).
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This implies the analytic characterization

Y

To check universality, we note that

d : d D( Qz, f oo DM (Qe,G)
disL(Qa) = L(Qs)dnge = ( ( / ) = L(Qa)m =D (Qfsa

and since this is true for arbitrary €, we have the desired universality property, so we are done.

@),
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Chapter 7

Cross-Validated TMLE

Our results on asymptotic linearity, thus far, have imposed Donsker conditions. These conditions, while
useful for proofs to control terms of the form (P, — Py)(D*(Q%, g9n) — D*(Qo, 90)), can be difficult to verify
in practice. Such conditions are necessary because @} and g, are estimated from the same data over which
the difference P, — Py is evaluated.

A way to get around the use of such conditions is to impose a sample-splitting assumption, typically
cross-validation in practice. Then, the estimated influence function is fit on different data than the empirical
distribution is evaluated on, and the aforementioned empirical process term can then be controlled without
Donsker conditions.

Much of the exposition of this section is from (Zheng & Van Der Laan, 2010).

7.1 Defining the CV-TMLE

We again work in the setting where we observe n observations Oy, ...,0O, iid. from Py € M and want to
estimate some target parameter U(Fy). Say that ¥ is pathwise differentiable, for each P € M along the set
of 1-dimensional submodels {P;(¢) : €} such that, for all h € H,

Lu(p )| _ = PD(P)S(H),

where D(P) is the canonical gradient and S(h) is the score of P (0).

Work in the setting of targeted minimum loss-based estimation, so our parameter is written as U(Q(FP))
and D*(P) = D*(Q(P),G(P)) for some relevant parameter Q € Q and nuisance parameter G and there
exists some uniformly bounded loss function L such that Q(F) = argminge o PoL(Q)-

To define a TMLE, as usual, we begin with an initial estimator Q(Pn) of Q(Fp), as well as an initial

estimator §(P,) of g(Py). Then, given Q, §, we consider fluctuations Q(P,)(¢) such that

)

In particular, we specify a submodel through Q(Pn), indexed by ¢, such that the score at € = 0 is a function

(D" (@(P),3(P) € <jEL<Q<Pn><e>>

which spans the EIF at (Q(P,), §(Py)).
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Instead of fitting € on the entire data, as in standard TMLE, we randomly split the samples into training
and validation sets T and V, respectively, split by some random vector B,, = {0,1}" (so the training set is
samples O; where By, (i) = 0 and the validation set is samples O; where B, (i) = 1). Let P) 5 and P, 5

are the empirical distributions of the train and validation sets, respectively, so that

1 L B 1 |
Fi B =0y 2 SOVt =g gy 2 100

1By, (i)=0 o

PS,an =

Then, we can estimate
ey = E(Py) = argmin_P, 5 L(Q(P} 5,)(¢))-

Note that this is equivalent to argminEL(QA(Pr?) B, (€)), which is finding the optimal & on the validation
set after fitting Q on the training set. The quantity P, B"L(QA(PS’ B, (€9)) is then the validation error of this
optimal €.

In this way, one can derive an update 5%5 B, for each split B, of the data. One can iterate this process

until ¥ ~ 0, in which case the TMLE can be defined as

U(P,) = Ep, [¥(Q"(P) 5,)]-

7.2 Asymptotic Linearity

We develop the asymptotic linearity result for the CV-TMLE in a series of lemmas.

Lemma 7.2.1 Let Q(P,), §(P,) be initial estimators of Qo, go respectively. Assume that {Q(P,)(e) : e} € Q
with probability 1, the loss function L(Q) is uniformly bounded in Q, and we also have the double-uniform
bound

M, = Sgpsgp IL(Q)(0)] < >0

over some support O ~ Py.

Let

U(P,) = Ep, [¥(Q(PY 5,) ()]

Assuming that

(Q(P)) = ¥(Q(Po)) = ~PoD*(Q(P), 90) + Or(II¥(Q(P)) — T(Q(F))[*),

we have

U(P,) — o =Ep,[(P, 5, — Po)D*(Q(P) p,)(en), 3(P7 5,))]

+Eg, [Po(D*(Q(PL 5, )(en), §(PL 5.)) — D*(Q(PY 5, )(en): 90)]
—Ep, [Po(D*(Qo, §(P) 5.)) — D*(Qo, 90))]
+Op(|[¥(P,) — ol

Remark 7.2.2 For the above lemma, we must also assume the “double robustness” of D*, or that PoD*(Qo,g) =
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0 for all nuisances g, which typically holds for causal parameters of interest - this assumption allows us to

subtract out the third term of the expansion.
To prove this lemma, we first show an auxiliary lemma, based on the following definitions:

Definition 7.2.3 Let F be a class of functions f : O — R. The covering number N (e, F,L2(Q)) is the

minimum number of e-balls, defined with respect to the La(Q) norm, needed to cover F.

Definition 7.2.4 Given a function class F, its envelope F is a function such that |f| < F for oll f € F
(again, with respect to the La(Q) norm,).

Definition 7.2.5 Let F be a class of functions f: O — R. The entropy integral is given by

Entropy(F) :/ \/10g Sgp N(e||Fllg2: F, L2(Q))de,
0

where ||F||g,2 is the La(Q) norm of the envelope F of F.
The following lemma, Lemma 2.14.1 of (Van Der Vaart & Wellner, 1996), will be useful for us.

Lemma 7.2.6 If F is a class of measurable functions of O and G,, = \/n(P, — Py) the standard empirical

process, then

E[sup |Gy f|] < Entropy(F)\/ PoF2.
fer

From Lemma 7.2.6, we can prove the following result which will be of use to us:

Lemma 7.2.7 Let ||e, — eo|| 2 0. For each sample split B,, condition on P37Bn and define the function

class of measurable functions f,

]:(PS,B,L) = {fE(P'r(L),Bn) = f(€7P7?,B,L) — f(eo, Po) : €}.

Assume the indezing set of € contains &, with probability approaching 1.

Fiz some sequence §,, — 0 and define, for each n,
Fs.(Pap,) ={f: € F(P)p,) : lle — eoll <}

Let F (0, P} ) denote the envelope of Fs, (P} g ).
If
E[Entropy(Fs, (P 5, ))\/ PoF (0n, PO 5 )2 =250,

" n,By

then
\/H(P;,Bn — Po)(f(ens Pv?,Bn) — [(e0, Po)) = op(1).

Proof: Define
Gnan = \/E(PT},Bn - P0)7
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which is an empirical process based on V after conditioning on ng B, - Hence, conditional on PS’ B, applying
Lemma 7.2.6 to the function class fgn(PT?’ B, ) yields

< Entropy(Fs, (P) )/ PoF (60, P? ;5 )2.

’ n7B’7l

E sup |Gn,,, fI| Py 5,
fe]:én(PT(,),an)

Taking the expectation of the right side, we have, by assumption,
E[Entropy(Fs, (P )/ PoF (60, PP )] *= 0,

SO

n— oo

E [ sup  |Gns, fIIP) 5, 0.

FEFs, (P2 )

By Markov’s inequality, this implies

sup - |Gy,p, f| = op(1).
JEF5, (PY 5,)

Since we assume &, — €o, there exists a fixed sequence 8, — 0 such that P(||e, — &o|| < 6,) — 1. By
definition, when ||e,, — €o|| < Jp,, we have f(sn,P373n) — f(eo, Po) € Fs, (PT?7B”). Hence, with probability
approaching 1,

f(en, PS,B") — f(eo, Po) € Fs, (PS,BH)-

Thus, putting everything together,

G, (f(en, P p,) = fle0, Po)) = V(P g, — Po)(f(en, Po.p,) — f(c0. Po)) = op(1),

as desired. O

We can now show Lemma 7.2.1 using Lemma 7.2.7.

Proof: For each split B,,, we can write
V(Q(PY 5,)(En) — U(Q(Py)) = —PoD*(Q(P) 5, )(en), 90) + Op(|[¥(Q(P) 5, )(en)) — ¥ (Q(F))I?).
Taking expectation over B,, gives

Es, [¥(Q(P) 5,)(en)]-¥(Q(P)) = ~Ep,[PD*(Q(P) ,)(en), 90)]+Op(IN(Q(P) 5,) ()~ ¥ (Q(Po)II*).

Due to one-step convergence, we have

Es, [Py 5, D" (Q(Pa,5,) (), 4(P) )] = 0.

Thus, we have
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V(Q(P) p,)(en)) = W(Q(Po)) = ~Ep, [PoD*(Q(P) 5,)(en), 8(P) 5,)) = Pa 5, D™ (Q(P,5,)(en), 90)]
+O0p(|[¥(Q(P) 5, )(en) — T(Q(P))II?)-

Now, add and subtract PoD*(Q(PS,Bn)(En)7 g(P} ) inside the expectation to get

V(Q(P) p,)(en)) = V(Q(Po) = ~Es,[(Py 5, — Po)D"(Q(P] 5,)(en) §(F7 5,))
+ Po(D*(Q(P) p,)(en), §(P 5,)) = D™ (Q(P) 5, ) (e0), 90))]
+O0p([|¥(Q (Pn,B )(En)) = V(QP))IP)-

Finally, by the double robustness of D*, PyD*(Qq, g) = 0 for all nuisances g. Hence, we have

Eg, [Po((D*(Qo, §(P) 5,)) — D*(Qo, 90))] = 0,

and adding this term in yields the result. O

Lemma 7.2.8 Say that, in addition, we have eg = £(Py) with ||, — eo|| £ 0. Assume that, for each sample

split By,, conditional on PS,Bn, the function class
F(PYp,) ={0 = D' QP 5, )(e),§(P5,)) — D'(Q(Po)(0), §(Po)) : €}

contains €, with probability approaching 1. Also, take some fixed sequence 0, 27 0 and define the

subclasses

Fs,. (P p,) =1{f(e) € F(P) p,) : lle = eol| < 6n}.

Also assume that
E[Entropy(Fs, (P 5, )/ PoF?(0n, P 5 )] “—> 0,

where F(0y, PS,Bn) is the envelope of Fs, (PSan). Then, we have the expansion:

1
ﬁ)
+Ep, [Po(D*(Q(PY 5,)(€),4(Py 5,)) — D*(Q(P 5,)(€), 90))]
—Eg, [Py(D*(Qo.4(Py 5,)) — D*(Qo, 90))]

+O0p(|[¥(P,) — U(Q(Py))]|?).

U(P,) — U(Q(Py)) = (P, — Po)D*(Q(Ry)(c0), §(Fo)) + op(

Proof: The assumptions of this lemma are exactly the assumptions in Lemma 7.2.7. Hence, applying

Lemma 7.2.7 with D* in the place of f, we get, for each sample split B,

(Pl — Po) (D" (O 5 )(en) (P 5.)) — D™ (Q(Po)(20), 3(Po))) = op(—

7
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Taking expectation with respect to B,, and rearranging, we get

Es, [(Pr.5, — Po) (D™ (Q(P) ,)(en): 4(PY 5,))] = Ep, [(Py 5, — Po)(D*(Q(Po)(e0), §(Fo))] + OP(%)-

If §(P,) = go, the terms after the first cancel to give:

Corollary 7.2.8.1 If, in addition to the previous assumptions, we assume the consistency of g, so g(Pp) =

go, and the consistency of the TMLE itself (so WU(Py) 2 1), we have the linear expansion:

U(P,) — 1o = (P — Po)(D*(Q(Po)(20), 90)) + OP(%),
We get asymptotic efficiency if Q(PO)(go) = Qo, so

V(P,) — o = (Pn — Po)D*(Qo, go) + op(—=)-

S

Proof: Plugging in §(P,) = go, we get

Es, [Po(D*(Q(P) 5,)(€), 4(P) 5,)) — D*(Q(P) 5, )(€), 90))] = O

and

Eg, [Po(D*(Qo,9(Py 5,)) — D*(Qo, 90))] = 0,

which implies that

\1/(&)—@(@(130))=(Pn—P0>D*<@<Po><so>7g<Po>>+op(})+op<|w< ) — Q) IP).

Taking norms of both sides, we have that

(P = Po)D*(Q(Po)(=0), §(Po)l = O (%)

by a standard application of CLT. Hence, by applying the triangle inequality to the right-hand side, we get
that

[#(P,) — W(Q(P)|| < Op (;ﬁ) +op (%) +Op(1E(P,) — T(Q(P))|P).
Let X, = [[#(P,) — U(Q(P))]], s0

1

X, <Op 1 +0p(X?) = X, <A, +B,X2A,=0p|—

NG

Fix some & > 0 - then, there exists some finite M such that, with probability 1 — ¢, A,, < f’ B, < M for

>,Bn = 0p(1).

n sufficiently large, so
+ MX2.

f

For fixed K > 2M, if X,, > then £ ]VT—FMXQ but if X,, <

f’ S then M X2 < X”, so X, < 24

f7

2]\/17
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which contradicts X,, > % Hence (assuming consistency of X, so that X, > ﬁ occurs with small
probability), we have X, = Op(ﬁ).

Since X,, = Op(ﬁ), X2 = OP(ﬁ% which implies the desired asymptotic linearity as Op(||X,||?)
1

combines with the op( NG

) in our previous expansion to get

B(P,) — W(Q(P)) = (P — Py)D*(Q(Po)(c0), 4(By)) + op (;ﬁ) |

The asymptotic efficiency statement for if Q(PO)(EO) = Qo follows from a substitution. |
Finally, if we do not have §(P,) = go, but rather the weaker statement that g(Py) = go, we can still

get an asymptotic linearity statement with a slightly different influence function, under a few qualifying

assumptions:

Theorem 7.2.9 Say that §(Py) = go and that Q(Pn)(en) converges to some limit Q, which is not necessarily
equal to Qq. Assume that

Es, [Po(D*(Q(P) 5,)(en), §(P 5,)) = D*(Q(P] 5,)(en), 90))]
1

B, [R(D"@.i(Ps,)) ~ D @.90))] = o (=
and that there exists some mean zero function IC' (Py) € LE(Py) such that

Eg, [Po(D*(Q,§(P) p,)) — D*(Q.90))] — Eg, [Po(D*(Qo, §(P) 5,)) — D*(Qo, 90))]

= (P, — Py)IC (Py) + op (\/lﬁ> .

Then, we still have asymptotic linearity of \il(Pn), with the expansion

B(P,) = v = (P, = B)D™ (U)o on) + 1CCR) + o (7= )

Proof: We begin with the expansion of ¥(P,) —¥(Q(Pp)) from Lemma 7.2.8, but we also add and subtract
Eg, [Po(D*(Q,3(P) 5. )) — D*(Q, g0))] from the right-hand side to get:

R A 1

V(P,) =Y (Q(Fy)) = (P, — Po)D*(Q(Fo)(c0), §(Fo)) + 0P(7)

), 9(Py 5,)) = D*(Q(P) 5,)(€), 90))]
) = D*(Q, 90))]

) = D*(Q, 90))]

) = D*(Qo, 90))]

Q

Q,9(P, 5,
Q,9(Py 5,
Qo,§(Py 5,
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Our first assumption tells us that

Ep, [Po(D*(Q(P) 5,)(€),4(P) 5,)) — D*(Q(P) 5, )(€), 90))]

—Ep, [Po(D"(Q. (P2, ,)) — D"(@, 90))] = op (;ﬁ)

and our second assumption tells us that

Eg, [Po(D*(Qo, 9(PY 5,)) — D*(Qo, 90))]

Eg,[Po(D*(Q,3(Py 5,)) — D*(Q,90))] —
= (P, — P)IC'(Py) + op <\/1£> .

Plugging these two assumptions into our initial expansion, we get

B(P,) = o = (P, = B)(D" (@) e0) ) +1C' (7)) + op (= ) + O (1) = ol ).

Then, by taking norms on both sides, by an identical argument to the previous lemma, we get the desired
|

asymptotically linear expansion.



Chapter 8

Collaborative TMLE

The first extension to the TMLE we will discuss is the collaborative TMLE (C-TMLE), which is a refinement
of the regular TMLE that focuses on estimating the nuisance in such a way that we most effectively estimate
the causal parameter of interest as well. In standard TMLE, the nuisance is estimated and the debiasing
comes from fluctuations to better estimate the causal parameter. However, the choice of the nuisance can
affect our choice of fluctuation that we use to choose targeting directions. It stands to reason that, by
estimating the nuisance parameter well, we may be able to further decrease bias. This is the idea behind
the collaborative TMLE.

The exposition of this section largely comes from (M. J. van der Laan & Gruber, 2010). An example of

the C-TMLE used in practice, to genomic data, is given in (Gruber & van der Laan, 2010).

8.1 Motivating C-TMLE

We begin by describing the TMLE for a standard censored data model which satisfies coarsening at random.
More on this particular setting can be found in (Laan & Robins, 2003). Let O be our observations based on
full data X and censoring mechanism C, so O = ®(C, X), and say O ~ P,. Via coarsening at random, we
can assume the density factors as dPy(0O) = Qo(X)go(O|X), where go(O|X) = h(O) for some measurable
function h.

The factorization of our density implies that any semiparametric model M for P, can be created from a
model Q for @y and a model G for gg. In what follows, we will use gy to denote both the distribution of O
given X and the distribution of C' given X, since the distribution of C' given X identifies the distribution of
O given X.

Suppose our parameter of interest is ¥ : M — R?, and assume it is pathwise differentiable with canonical
gradient D*(P) € L3(P), so that, for a rich family of parametric submodels {P. : €}, there exists some score

S € L3(P) such that

0
— V(P =Ep[D*(P)S].
(P =Ep[D(P)S)
e=0
Since dP = Qg in our model, we write D*(P) = D*(Q, g) as well. Also assume that ¥ is a parameter of Q
alone, so it can be determined from the full data distribution.

A consequence of this assumption is that, when performing TMLE, we can choose a fluctuation model

58
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{P- : e} which only fluctuates @ - hence, we can choose a submodel {Q,. : ¢} and define dP. = Qg .g.
We index @4 to denote that the fluctuation for ) is also indexed by g. The standard TMLE proceeds as

follows:
1. Begin with an initial estimator Q° of Q.
2. Define Q' = Qg 1, where ¢! = argmin_P, L(Q} .(P,)) and O(Q) = —log Q is the log-likelihood loss.
3. Keep repeating this, so at step k, we define ¢* = argmin_ P, L( ’;gl(Pn)). Repeat until ¥ ~ 0.

4. The resulting TMLE is calculated by plugging in the empirical distribution to the final estimate
Q* — Qk-

Hence, given an initial estimator Q% for Qg and an estimator g,, for go, running the TMLE to convergence

will produce an estimator (@}, g,) which solves

PnD*(Q:wgn) =0,

as in Theorem 5.1.2.

In particular, we have many different choices for our TMLE, indexed by different initial estimators,
and we want to know which TMLE we should pick. We can perform this selection via a loss-based cross-
validation - in particular, as in CV-TMLE, let B,, € {0,1}" be a random variable that splits the data into
a training sample (where B, (i) = 0) and a validation sample (where B, (i) = 1), with associated empirical
distributions Pﬁl B, and Pi B, » respectively. Assuming access to some loss function L*(Q) for Qo such that
Qo = argming Py L*(Q) (for example, the log-likelihood loss suffices), if our different TMLEs are indexed as
Qz (P,) across k, we can select a TMLE by selecting the one which minimizes the loss L* on the held-out
validation set:

/%(Pn) = argminkEBnPl,BnL*(QZ(PS,B"))a

n

with the selected TMLE then being Q: = AZ(P )
To see that this cross-validation is actually useful, we note the following result, due to (Dudoit & van der
Laan, 2005) (we do not prove this here):

(P,) (plugging in the empirical distribution).

Theorem 8.1.1 Let L*(Q) be a loss function such that:

1. There exists some universal constant My such that supg o |L*(Q) — L*(Q0)|(0) < M; < oc.

VGTPO (L*(Q)_L*(QO)) < M2'

2. There exists some universal constant Moy such that SUPQ ~Ry (L7 (Q) =L (Q0))

Then, we have the following oracle inequality. For any 6 > 0,

Eg, [Po(L(Q4(P) 5,) — L(Q0))] < (1+26)Ep, [min Po(LQk(PS,BW))—L(QO)HQC(Ml,Mz,(s)%%:{(m’
where
C(My, My, 8) = 2(1 + §)? (J‘gl n 1‘?2)

is a constant and K(n) is the number of cross-validation candidates and np is the expected size of the

validation set.
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Remark 8.1.2 The second assumption in the preceding theorem is essentially equivalent to the fact that L*
has associated dissimilarity d(Q, Qo) = Po(L*(Q) — L*(Qo)) that is quadratic in distance between Q and

Qo- This is known to hold, for instance, for log-likelihood and weighted square-loss.

The upshot of the preceding theorem is that, assuming K(n) is polynomial in n, so that log K(n) =

O(logn), then, if the oracle term (first term) dominates the second, we get that the cross-validated selector
logn
n

convergence rates for @) with respect to the dissimilarity d(Q, Qo) induced by the loss L (when noting that,

is asymptotically equivalent to the oracle selector, and if not, then the cross-validated selector achieves

by assumption, the dissimilarity is quadratic in ||Q — Qol|, by the preceding remark).

Remark 8.1.3 The preceding result on cross-validation is particularly strong in that generalizations hold

for estimated losses L, which approzimate some fized loss L.

Definition 8.1.4 A targeted loss function is a modification to some loss function L(Q) such that we
apply it to the targeted estimate of Q - in particular, we replace L(Q) with L(Q*), where Q* is the TMLE

beginning with initial estimator Q

Definition 8.1.5 A collaborative targeted maximum likelihood estimator (C-TMLE) is one in which

the nuisance g, is estimated in conjunction (collaboration) with the estimate for Q, instead of separately.

One can now imagine using a targeted loss function to select among different collaborative TMLEs that
are indexed by different initial estimators (for both @ and g). We will describe this procedure more formally

in the next section.

Definition 8.1.6 The entropy of the fit Q(Pn) with respect to some loss function L(Q) is defined as

P,L(Q(P,)). Entropy can be defined similarly for estimates G(P,) as well, with respect to some loss Ly
forg.

In essence, we would like our loss function L for @ to denote how well ¥(Q) approximates ¥(Qq), and
our loss function L; to denote how close we are to the optimal parametric submodel implied by gg.

How the C-TMLE procedure works, roughly, is to couple decreases in L-entropy for ) with decreases in
L-entropy for g, resulting in targeting and fluctuations that are closer and closer to optimal. The quality
of the targeted estimator can be improved by ensuring the nuisance estimator g also helps identify which

directions ) should be updated. Hence, by updating the two in “collaboration,” estimation can be improved.

8.2 The C-TMLE Procedure

With the preceding motivation in mind, the C-TMLE procedure for censored data mechanisms then proceeds,

formally, as follows:
1. Estimate Qo via some estimate Q,, based on a loss function L(Q).
2. Let L*(Q) be the associated targeted loss function for L(Q), and L;(g) be a loss function for go.

3. Choose some index 4, and for each i € I, let g,; be a candidate estimator for go. Define d(i) =

P, L1(gn,:) as the entropy of g, ;.
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4. Select some deterministic sequence d° > d' > --- > d¥ of entropy values, and begin with an estimator
gY that has entropy larger than d°. Calculate the corresponding TMLE QU* from initial estimator Q,,,

based on the fluctuation induced by g9.

5. At step k, say we currently have some TMLE (g¥, Q*), with g* having entropy larger than d* and
QF* being the TMLE from initial estimate Qf with fluctuation defined by gX. We search among a

set of candidate estimators g, ; such that the entropy of g, ; is between d¥ and d**! and choose the

kx

estimator g,; which minimizes the targeted loss P, L*(Qn", .

), using the initial estimator Q.

(a) If P,L*( ,’i*gn) < P, L*(Q%) or P,L(QF*, )< P,L(QF") (where L(Q) is just the log-likelihood

nyG9n,i

loss), so the fit of the TMLE improves, then set g5+ = g,, ; and Qgﬁ'l)* = QF* | keeping our

n\Gn,i
initial estimator QX! = QF for the next stage.

(b) Otherwise, reject g, ; as a fluctuation based on the old initial estimator, and reset the initial
estimator to the current TMLE, so QF := Q¥*. Then, rerun the same search over candidates On,i
in the same entropy range. Since the targeting step now fluctuates through Q%*, and since £ = 0
corresponds to Q*, the empirical likelihood maximizer must satisfy P, L( fl*g) > P,L(QF),
where L(Q) is the log-likelihood loss. Hence, the monotonicity condition now h(ﬂds, and we can

accept the update and move to the next step.

6. After running this algorithm for K steps, we get a sequence of TMLEs (g, Q%*) for k = 0,1,2,..., K.
Furthermore, we know that, for each k, QX* either improves fit with respect to the targeted loss function
L* or with respect to log-likelihood, and by definition of our deterministic sequence d*, we know that

the entropy of g¥ also decreases with k.

7. We use cross-validation to select which of the K estimators we actually use. In particular, using B,

to index our train-validation split as usual, we set
kn = argmingEp, [Py 5 (L*(Q" (P} 5, )],
and our collaborative estimate (Qf*, gF») is the C-TMLE. The point estimate for our functional would
then just be given by substitution W(Qk~*).
We make a few remarks on this procedure:

Remark 8.2.1 As with other TMLE templates, we can easily use a general loss function L(Q) to extend

this to minimum loss-based estimation rather than maximum likelihood estimation.

Remark 8.2.2 Since the final C-TMLE is a TMLE applied to an appropriate fluctuation, it solves the

efficient influence curve equation, so
P,D*(Qy, 9n) = 0.

Remark 8.2.3 One still notes that there is dependence in this procedure on the initial estimator Q2 as well
as the indexing sets over which we search for g, ; at each stage. Given candidate C-TMLEs (Qnj*, gnj) based
on these choices, a natural way to choose among them is to cross-validate based on the empirical variance of

the canonical gradient, picking

jn = argminjEBn [(Pi,Bn (D*(Q;{ (Pr(z),Bn)7 gj (P7(L),Bn))))2]7
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where B,, denotes our train-validation split.

Example 8.2.4 As an example of a targeted loss function, one can imagine targeting the standard log-
likelihood loss. Say we want to choose over many different C-TMLEs P,, — QZ(PH) Then, we can add a term
to our loss that estimates the mean-square error of the (limit of ) the substitution estimator W(Q(P,)). This
has the effect of keeping the log-likelihood as the dominant term while penalizing particularly bad estimates
of the target parameter. One can estimate this mean-square error, for instance, through the variance of the
efficient influence curve of the target parameter. This type of targeted loss function would also be used during

the actual estimation sequence in step 5 of the procedure as well.

8.3 Consistency and Asymptotic Linearity

Theorem 8.3.1 The C-TMLE is consistent.

Proof: Without loss of generality, we can assume that, at every step of the sequence, the initial estimator
is the targeted estimator from the previous step (otherwise, we can just take the subsequence of steps for
which this is the case). For k= 1,..., K, let g, = lim,, .o g* (50 gx = go), and consider the corresponding
limits Qj, ,, of the TMLEs Q¥ that form our sequence. Since each element in the sequence is a targeting

of the previous, the sequence P, log @ is non-decreasing in k. Taking the limit as n — oo, we get

N,k Gk
Fylog @y, is non-decreasing in k as well. ’

Now, assuming a uniformly bounded loss function (so L(Q) = log @ is uniformly bounded for all candi-
dates @), we can apply Theorem 8.1.1 to get that the cross-validation selector of k& which ends the C-TMLE
procedure is asymptotically equivalent to the oracle selector kn = argmax;, P log QZ gn- Taking the limit, if
n is large enough, this selector is k = argmax;, Py log Q. .

Since the sequence Py log Q;; i 18 nondecreasing in k, a maximum is attained at k = K, giving Py log Q% 90"
for which ¥(Q%,,) = %o, implying consistency. However, say k < K, which implies

PologQp = PologQ ) = =Plog Qg

9(k+1)

by monotonicity. Since each estimator is a TMLE of the previous, the € fluctuations at each step must be 0,

meaning

QZ:QZH:"':Q}'

However, Q7 itself is a TMLE with nuisance parameter go, so € — Fylog Qj, % () is maximized at € = 0.
Since @} = QF, we must then have ¢ — Py log Q};’go (€) is also maximized at ¢ = 0. Taking the derivative
at ¢ = 0, this means PyD*( Z, go) = 0, so the efficient influence curve equation is solved, which implies
consistency of \I/(QZ ’;) Hence, whatever the cross-validator selects, we will have consistency. (]

One can also prove an asymptotic linearity result for the C-TMLE:

Theorem 8.3.2 Let ¢, = U(QF) denote the final point estimate of the C-TMLE. Let Q* = lim, o QF,

and let g, be an estimator with go = lim,, oo gn. Under the following assumptions:

1. The efficient influence curve estimating equation is solved, so P, D*(QF, gn,¥n) = 0. (Here, we include

¥ in the parameterization as the influence curve typically includes a term depending on U ).
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2. We have PyD*(Q*, go, %) = 0 and PyD*(Q%, go, o) = Op(ﬁ).

3. The estimators are consistent, so

PO(D*(Q:wgna 1/Jn) - D*(Q*ag()7/(/)0))2 £> 0.
Consistency also holds if any of Q,, gn, ¥n s initially replaced by its limit, as well.
4. The derivative co := —ai%R]D*(Q*7gO,¢O) exists and is invertible.

5. With probability tending to 1, {D*(Q,g,¥(Q)) : Q, g} is a Py-Donsker class, where the set that (Q, g)
vary over include (Q:w gn)» (Q*v gn)v (Q;v gO)

6. Ifq)(g) = POD*(Q*,Q,’IZJO), then

P(gn) — ®(g0) = (P — Po)ICy, +op (\/15>

for some mean-zero function 1C,, € L3(Pp).

7. We have

Rt i= Po(D* Qs G thn) — D*(Q" gy ) — Po(D* (@l 60s ) — D (Q* gos o)) = o (%)
and

Ruz 1= Po(D*(Q" gus ) — D*(Q" 60, 6n)) — Po(D* (@ g o) — D™(Q" g0, o)) = op (ﬁ> .

Note that R,1 and R,o are both second-order terms.

Then, 1y, is asymptotically linear at Py with the relation

Yy, — Yo = (P, — Po)IC(Py) + op <\}ﬁ) ;
where IC(Py) = co_l(D*(Q*,go,wo) +ICy,).

Proof: Consider Taylor expanding PyD*(Q*, go, ) in 1, — ¢o. Noting that PyD*(Q*, go, o) = 0, this
gives

POD*(Q*790,¢n) = _CO(wn - ¢0) =+ O(lwn - wOD

Since P, D*(Q%, gn,¥n) = 0, we can write

=Py D*(Q, g0, ¥n) = PaD™(Qr: gn, ¥n) — PoD™(Q", go, 1)
= (P — Po)D*(Q", g0, ¥n)
+ P (D™ (Qr, gns ¥n) — D*(Q, g, ¥n))
+ Po(D*(QF, gns ¥n) — D*(Q, g0, ¥n)),
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where we write P, D*(Q%, gn, ¥n) — PoD*(Q*, go,¥n) as a telescoping sum to get the second equality.

First, consider the term (P, — Py)D*(Q*, go, ¥r). We can write

(Pn - PO)D*(Q*,QO,ZZ)n) = (Pn - PO)D*(Q*vg()awO) + (Pn - PO)(D*(Q*aQOawn) - D*(Q*7907¢0))~

Define the empirical process G, (f) = v/n(P, — Py)f. By assumption 3,

Po(D*(Q*, go,%n) — D*(Q*, go,%0))? % 0,

and by assumption 5, the class F := {D*(Q, g, ¥(Q)) : Q, g} is Po-Donsker and contains both D*(Q*, go, )
and D*(Q*, go, o). Hence, by Theorem 5.1.5, by similar logic to the proof of Corollary 5.2.3.1, we have

(P — Po)(D*(Q", g0, ¥n) — D*(Q", go,%0)) = op(n” %),
which implies

(Po = Py)D*(Q" 9o ) = (Pa — Po)D*(Q" g0, o) + op (%) .

For the second term, first write

Pn(D*(Q:”gmd)n) - D*(Q*agna ¢n)) = (Pn - Po)(D*(QT”gm%) - D*(Q*agnﬂ/}n))

Again, by the consistency assumption (3) and the Donsker assumption (5), combined with Theorem 5.1.5,

we can write 1
(Pn - PO)(D*(Q:mgnvwn) - D*(Q*,gn, wn)) = 0op (ﬁ) .

For the second part, we write

PO(D*(Q:,,gn,?/)n) - D*(Q*agnawn)) = PO(D*(Q;?QO71/)0) - D*(Q*,go,l/fo)) + Rnl'

By assumption 2,

1
0( (QnagOawO) (Q 7907¢0)) OP(\/H)7
and by assumption 7, R,1 = OP(ﬁ), so, putting everything together,

Pa(D*(Q% s ) — D*(Q gy 1)) = 01 (

).

Si-

The third term proceeds similarly, where we begin by writing

Pn<D*(Q*7g’ﬂ7wn) - D*(Q*’g(hwn)) = (P”l - PO)(D*(Q*79n’¢n) - D*(Q*7907'¢)n>)
+ PO(D*(Q*ag’naw’n) - D*(Q*7907¢n))
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Again, by consistency with respect to g and the Donsker condition, by Theorem 5.1.5, we have

(P = Po)(D*(Q", gn, ¥n) = D*(Q", g0, %)) = 0p <¢lﬁ) '

For the second part, we can write

PO(D*(Q*agnad}n) - D*(Q*vg()vwn)) = PO(D*(Q*79n7¢O) - D*(Q*,QOJ/)O)) + Rn27

where R,» = Op(ﬁ). By assumption 6,

B(gn) — B(go) = Po(D*(Q" g ) — D*(Q" 60, t0)) = (Po — Po)ICyy + 01 (%) ,

so putting everything together, we have

Pa(D*(Q" s ) — D*(Q*, g0 tn)) = (Pa — Py)ICyy + o1 (jﬁ) .

Putting these three terms together, we have

co(Vn — o) + o(|tn — tol) = (Pn — Po) D*(Q™, go, Yo) + (Pn — Po)ICy, + op (\/Iﬁ> ;

so isolating 1,, — ¥g gives the desired asymptotic linearity relation

wn - 7;[}0 - (Pn - PO)Cal(D*(Q*ng,wO) + ICQO) + OP(W)TL - 7/]O|) +op (\/17;> )

or equivalently,

1
(co +op(1))(¥n —1bo) = (Pn — Po)(D*(Q", g0, %0) +1Cy,) + 0p <\/ﬁ> .
Since cq is bounded away from 0, and the term (P, — Py)(D*(Q*, go,%0) +1Cy,) is Op(—=) (by the Central

un
Limit Theorem), we get |1, — 10| = Op(ﬁ), which gives the final desired relation

Yn — Yo = (Pn - PO)Cgl(D*(Q*,go,i/}o) +Icg0) +op <\/17€> .



Chapter 9

Higher-Order TMLE

So far, we have studied TMLEs which focus on first-order bias correction. However, if the second-order
remainder is not small enough under the available nuisance convergence rates, we cannot use standard first-
order TMLE methods. This motivates the development of higher-order targeted learning, where we correct
higher-order bias terms, only requiring control of higher-order remainder terms. The tradeoff is requiring
higher-order differentiability of the target parameter, although this can be sidestepped with approximations
of higher-order derivatives, if they exist. A broader treatment of higher-order influence functions and their
relation to estimation can be found in (Robins, Li, Tchetgen, van der Vaart, et al., 2008).

In the setting of standard TMLE, consider writing the canonical gradient D* as D™"* where the (1) is
to emphasize the first-order. Then, our typical TMLE efficiency theorem is of the form:

Assuming that:

1. DW*(P*) is in a Py-Donsker class with probability tending to one
2. Py(DW*(Pr) — DW*(Py))? 50
3. The remainder term Ra (P}, Py) is Op(ﬁ)

we get asymptotic linearity and efficiency, so

. 1
(Py) — o = (P — Po)DW* (R, — .
(Pn) = o= ( 0) D" (Fo) + op Tn
The idea of the higher-order TMLE (we will present the ideas behind the second-order TMLE in this
section, but the results can be extended to even higher orders) is to replace the third condition on the decay
rate of Ry by a condition on the decay rate of R3, the third-order remainder.
Much of the exposition for this section is from (Carone, Diaz, & van der Laan, 2014). We refer the

interested reader to (M. van der Laan, Wang, & van der Laan, 2021) for further exposition.

9.1 Second-Order Scores and Canonical Gradients

As usual, let LZ(P) denote the full Hilbert space of square-integrable real-valued functions with mean zero

under some P, and let T(P) be the tangent space of a model M at P € M.

66
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Definition 9.1.1 We define L3*(P?) to be the Hilbert space of square-integrable real-valued functions f

defined on O? which are symmetric and satisfy, almost surely,

/f(xl,:c)dP(xl) = /f(x,l’g)dp(IQ) =0.

Here, the inner product is the double integral

(f1, f2)p, = P*(fuf2) = /f1($17a?z)fz(l"h332)dP(3?1)dP(332)-
We begin with a definition of first-order pathwise differentiability and then extend this, in the natural
manner, to second-order:

Definition 9.1.2 We say that a functional ¥ is first-order pathwise differentiable if, for some P € M
and parametric submodel {P. : ¢} C M that has first-order score sV (P)(0) = %logps(o)|520, we can

write
W(P.) — W(P) =« / DD(P)(0)s™) (0)dP(0) + ofc)
for some DU (P) € LE(P). We call DXV (P) the first-order gradient of U at P.

Recall that we can also write the first-order score as

20 (0)]oe
() (o) = L=,

which leads to the natural extension:

Definition 9.1.3 The second-order score of ¢ in {P. : €} at e =0 is defined as

2 pe(0)|e=
S(P) (o) = ZZLE=0

Using this, we can extend the notion of first-order pathwise differentiability to second-order as well:

Definition 9.1.4 Let U be first-order pathwise differentiable, and let DYV (P) € L3(P) be a first-order
gradient of ¥. Define
AGD)(P) = [ DIP)0)s (0)iP (o)

and
(s 5@)(P) = [ DOP)E)sP(0)dP(0) + [ [ DO(P)or,02)5D(01)5 (02)dP(01)dP 02
for some element DP)(P) € L2*(P?). If we can write
U(P.) — U(P) = Ay (sM)(P) + %52142(8(1), 5)) 4 0(e?),

then W is second-order pathwise differentiable with second-order gradient D® (P) at P.

Remark 9.1.5 As one might expect, a second-order gradient can be computed by computing the first-order

gradient of a first-order gradient mapping P — DM (P)(o).
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As the representation given in the preceding definition can be a bit unwieldy, we can trim it down a bit.

In particular, recall the second-order Taylor expansion

dP:
dpP

d(P. - P) _

-1 1) (2
+es 4 S 5 +o(e?) = 75

(1)+ 5 (2)_|_0( )
Hence, we can write, for any square-integrable f,
&2
(P.—P)f = /fd(PE —P)= a/fs(l)dP + 5 /fs(Q)dP—F o(?).
Setting f = DM(P), we get
2
(P.— P)DW(P) = ¢ / DO (P)s P + 5 /D<1>(P)s<2>dp +o(e?).
Furthermore, we have
(P. — P2D®(P) = ¢ //D 2 (P)(01, 02)5 (01)5M (09)dP(01)dP(03) + 0(2),

(by taking the leading term), so we can write

(P. — P)DW(P) + ;(P P)? /D V(P)sMd
+ 5 [/D(l)(P)s(Q)dP+/ D@ (P)sWsMaPdP| + o(?)
— eAy(sW)(P) + %62142(5(1), 5@) 1 o(e?).
Hence, we can write, for a second-order pathwise differentiable ¥,
W(P) = W(P) = (P. = P)DW(P) + 3(P. = PED (P) + 0(:2).
Since PDM(P) =0 and D (P) € L3*(P?), we can write, even more succinctly,
W(P) ~ W(P) = .DV(P) + SPZDO(P) +ofc)

Definition 9.1.6 We say that ¥ is strongly second-order differentiable if, at each P € M, the second-

order expansion )
U(P.) — ¥(P) = P.DW(P) + 5P§D(2>(P) +o(e?)

holds uniformly along all parametric submodels {P. : €} through P.
If W is strongly second-order differentiable, then we can write
1
U(P) - ¥(Py) = —P, D" (P) - §P02D(2)(P) + R3(P, Po),

where Rj3 is a third-order difference term between P and F.
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All of the preceding theory holds for any valid pair of first- and second-order gradients. Since the eventual
2-TMLE we construct will be asymptotically linear with influence function D™ (P,), it makes sense to choose
our first-order gradient to be the typical canonical gradient D()*(P) (recall that we can get such a first-order
canonical gradient by projecting any first-order gradient onto the first-order tangent space T'(P)). Hence, to

define a second-order canonical gradient, it makes sense to define a second-order tangent space:

Definition 9.1.7 The second-order tangent space at P is the mean-square closure of the linear span of
products of the form (o1, 02) — s (01)s(M) (03), where sV is the first-order score. Then, the second-order

canonical gradient is the projection of any second-order gradient onto the second-order tangent space.
We can calculate such a projection via the following lemma.

Lemma 9.1.8 Begin with a second-order gradient
D®(P)(o1,0) = / 51,0 (P)(01)S5,4(P) (02)h(P) ) d (x)

that is symmetric, where Sy ;(P),S2.(P) € L3(P) for each z, a function x + h(P)(z), and measure
v. Let SY ,(P), S5 .(P) denote the projections of Sy .(P),S2,.(P) onto the first-order tangent space T(P)

respectively. Then,
D®*(P)(01,05) = /Si‘,w(P)(Ol)Sz*,m(P)(Oz)h(P)(iv)dl/(w)

is the second-order canonical gradient of ¥ at P.

The proof follows from the following characterization of the second-order tangent space in terms of the

first-order tangent space.

Lemma 9.1.9 Let {e,ea,...} be an orthonormal basis of the first-order tangent space T(P) C LZ(P).

Then, the second-order tangent space T?) (P) is

T@(P) =1 (01,02) = Y _ Clir,iz)es, (01)ei, (02) : C €S ¢,

11,12

where S s the set of all symmetric mappings from N x N to R.

Proof: Let H be the aforementioned set, so we want to prove that T(?(P) = H. First, we show that
T®)(P) C H. Recall that T (P) is the mean-square closure of the linear span of products of first-order
scores. Take some such product, denoted (01,02) — [ Sz(01)Sz(02)dp(x). By virtue of the e; forming a
basis of T'(P), S, € T(P) can be written as S, =), Cy(i)e; for some mapping C, : N — R. Hence, we have

/S 01)Sz(02)dp(x Z/C’ i1)Cx(i2)es, (01)ei, (02)du(w),

11,12

meaning that, if we define C(i1,i2) = [ Cy(i1)Cy(i2)du(z) and noting that our choice of cross-product was
arbitrary, we have that the set of products of first-order scores is a subset of H. Since H is equal to the

mean-square closure of its linear span, we have T (P) C H.
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On the other hand, take some arbitrary h € H corresponding to some symmetric mapping Cp : NxN — R.
We want to construct a cross-product of scores [ S9(01)53(02)dp’ (z) that approximates h to some fixed

d > 0. By closure, there exists some k() € N such that

Z Co(i1,i2)eq, (01)ei, (02) < 6.

i1,52>k(0) La(P)

For each (iy,i2) € {1,...,k(6)}?, let u° put mass Lsign(Cy(iy,i2)) on (iy,i2) and O elsewhere. For
@ = (i1, i) in this set, set C9(j) = |Co(i1,i)|? for j =iy or j = iy and C3(5) = 0 otherwise. Then, if we let
Se =2, C2(j)ej (clearly a valid element of T'(P)), we have, by construction:

[ SionSitod’ @) = Y [ C2GCH )" @)es, (o1)es (02
=Y Y CLLG0C L, Ga)du’ (i1, 2))ej, (01)ej, (02)

J1,J2 1<i1,i2<k(5)

= Z Co(i1,i2)eq, (01)ei, (02),

1<iy iz <k(3)

which implies that

/5§(01)52(02)dﬂa(z) =Y Coliryiz)ei, (01)es(02) = — > Colir, iz)es, (01)es, (02),

1,02 i1,i2>k(0)

so by the definition of k(8), we have approximated h within §. By the closure of T®)(P), we have H C
T®)(P), so we are done. O

We can now prove Lemma 9.1.8:

Proof: Fix an orthonormal basis {e1,es,...} of T(P). Fix some z and consider the projection of the map
(01,02) + S1 4(01)Sa. - (02) onto T (P). This map, evaluated at (01,09) (Where, in the first equality, we use

the fact that {e;, ® e;,} spans the second order tangent-space, so we use the projection theorem) is:

T1((01,02) — S1.4(01)S2.2(02)|T® (P))(01,02) = Z<S“SQ’“’6“ ® ei,) (e, ® esy)
= Z Ep2[S1,2(01)S2,:(02)ei, (O1)ei, (O2)]es, (01)es, (02)
= gEP[Sl,x(Ol)en(01>]Ep[52,w(02)ei2(02)]%(01)% (02)
= gEP[Sl,x(Ol)eil (O1)]es, (01)
~ Z?EP[Sm(Ol)eiz(Oz)]eiz (02)

= 1l(0 = 514 (0)|T(P))(01) - T(0 = 52,4 (0)| T(P))(02)-
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Since projections combine linearly, we get the desired characterization. ([l

9.2 The 2-TMLE

For a 2-TMLE to be accurately constructed, we do not actually require a full second-order canonical gradient,

but rather, we can get away with imposing a set of weaker conditions:

Definition 9.2.1 An element D®)(P) € L3(P?) is a second-order partial canonical gradient of U,

with first-order canonical gradient DU | if:
1. U(P) — ¥(Py) = —P,DW(P) — $P¢D?(P) + R3(P, Fy)

2. Either of the restriction mappings o1 + D@ (P)(01,0) or oy = DZ(P)(0,0s) lie in the first-order
tangent space T(P) for each o.

Suppose that we have access to a second-order partial canonical gradient D(2)(P) of ¥, along with a
first-order canonical gradient D™ (P). Assume, WLOG, that o; +— D®(P)(01,0) € T(P) for each o. Then,

taking a linear combination, we have

0 DP(P)(0) = = 3" DD (P)(0,0;) € T(P),

which means that the statistic

is the empirical mean of a score at P. Hence, if we define a TMLE with a parametric submodel through P
whose score vector components span DM*(P) and Ef)(P) (possible since both are in T'(P)), we can create

a targeted estimate Pf which satisfies
P,DW*(P*y = P2D®(P*) = 0.

The final algorithm to construct a 2-TMLE is essentially the same as that for the standard TMLE, but

with a larger parametric submodel:

1. Begin with some initial estimator P2 of P,.

2. At each step k, construct a 2-dimensional parametric submodel {P¥(e1,e5) : (e1,62)} such that, at
(0,0), the score vectors span D™ (P¥) and 5;2)(]35).

3. Choose

(5’1“7 5’5) = argmax,, ., P logpﬁ (e1,€2).

4. Set P*+1 = pk(ch k).

5. Repeat until e¥, e ~ 0 and, at that point, output the final substitution ¢ = ¥(P).
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In many cases, the target parameter may not be twice-differentiable, in which case we can use an approx-
imation D}(12)7 indexed by h, for the second-order canonical gradient. In particular, we define the approxi-
mation D,(f) such that

1
Ry(P}, Py) = —= lim PED\Y(PY) + Ry(Py, Po)
2 h—0
for a third-order remainder term R3(P), Py). Hence, defining the bias term By, (h), we have

* 1 2 * * 1 2 * . 2 *
Ra(P;, o) = =5 B3 DD (P)) + Ba(h) + Ra(Py, o), Bu(h) = 5(BDY (Py) = lim PEDIP(Py)).

Then, the 2-TMLE ¥ (P;) with approximate gradients satisfies

1
U(Py) ~ W(Py) = (P, — Po) DY (B) = S PED;Y (Py) + Ba(h) + Rs(B;, Fo).

9.3 Asymptotic Linearity
The asymptotic linearity theorem for the 2-TMLE proceeds under the following conditions:

Theorem 9.3.1 Let U, with first-order canonical gradient D(l)*(P) and second-order partial canonical gra-

dient D) (P) satisfy the second-order expansion
. 1
U(P) = W(Py) = =P, D" (P) — §P()2D(2)(P) + R3(P, Po),

and suppose the TMLE P satisfies

-2

P,DW*(Py) = 0,P;DP(P}) = P,D, " (P;) = 0.

Under the following assumptions:

1. DW*(P*) is in a Py-Donsker class F with probability tending to one,
2. P[DW(Py) — DY (Ry)]* = op(1),

5. (P2 = PODA(P) = op (&),

4. R3(Py, Py) = op (ﬁ) ;

the 2-TMLE )} is asymptotically linear with influence function D(l)*(PO) (and is hence asymptotically
efficient as well).

Proof: This theorem is actually a special case of the next theorem with B,,(h,,) = 0, so we defer the proof.
O

To actually establish the condition (P2 — PZ)D®)(P}) = Op(ﬁ), the following lemma is typically used
instead, whose conditions may be easier to verify:

Lemma 9.3.2 Under the following assumptions:
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1. The mappings
0b—>/D(2) (01,0)dPy(01), 0»—>/D(2) *)(0,02)dPo(02)

are in a Py-Donsker class G with probability tending to one,

2. We have ,
nl /|:/'D(2 01,02)dP0(01):| dPO(OQ)&O

and

o _/ [/D(Z) 01,02)dP0(02):|2dP0(01) 20,

% (Pa— BPDO(P) = op(),
we have (P? — P2)D®)(P*) = OP(ﬁ)-

To prove this lemma, we will use Lemma 19.24 from (Van der Vaart, 2000), which we state here:

Lemma 9.3.3 If F is a P-Donsker class of measurable functions and f, is a sequence of random functions

in F such that, for some fo € La(P), [(fu(x) — fo(x))2dP(x) 2 0, then G, (fn — fo) 2 0.

Proof: We write
(P2 — P2)D(P}) = (P, — Py + Py)2D@(P;) — PED)(PY).
Expanding this out yields
(P2 — P3)DP(P}) = (P, — Po)*D®(P}) + (P, — Py) @ PyD®(P}) + Py & (P, — Po)DP(P}).
For the first cross-term, we have
(P, — Py) ® P))D®(Py) //D P (o1, 02)d(Py, — Po)(01)dFy(02)
/ [/ D@ (P*)(01,02)dPy(02)| d(P, — Py)(01)
= (P, — P) DY (Py),

where we define
D (P)(0) == / D@ (P) (0, 02)dPs(0s).

We use Fubini’s theorem to switch the order of integration. Similarly, if we define
D (P)(0) := / D@ (P)(0y,0)dPy(01),

we have
(Po @ (P, — Py)) D@ (PY) = (P, — Po) DS (P)).
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Hence, we can write

(P2 = F)D(Py) = (P — Po) [ D (Py) + D (Py)] + (P = Ro2D@ (P)).
Consider the term (P, —Pp) DEQ) (P + Dg) (P'rt)} . The first two assumptions mirror those of Lemma 9.3.3,
and applying it yields

(Pu = P) D (P) = op (jﬁ) (Pa — P)DP(P]) = op (jﬁ) .

Then, by the third assumption, we have

(P2 = PBYD(PE) = op (;ﬁ) T op (ﬁ) ,

as desired. (]
If the parameter of interest does not actually admit a second-order gradient due to not being differentiable
enough, we can still get asymptotic linearity of the TMLE even with just an approximate second-order partial

canonical gradient, as the following theorem shows.

Definition 9.3.4 We say D,(LQ)(P) is an approximate second-order partial canonical gradient if ei-
ther of the maps o1 — D,(f)(P)(ol, 0) or 09 > D,(f)(P)(o, 09) lies in T(P) and the expansion

U(P) — U(Py) = —P,DV*(P) — %}llir% P2D'P(P) + Ry(P, Py)
—
holds.

Theorem 9.3.5 Suppose we have access to an approximate second-order partial canonical gradient D,(Lz) (P).

Furthermore, say our TMLE satisfies
P.DW* () = PEDY () =0,
where hy, is our final approximation of the second-order gradient. Under the following assumptions:

1. DW*(P*) is in a Py-Donsker class F with probability tending to one
2. Py[DW*(Py) = DW*(Py)]? = op(1)

5. (P2~ R3)DR () = or ()

4 Bu(hn) =} [PgD,(fj (P*) — limp_so P(?D}(f)(P;f)} = op (%)
5. Ry(P*, Py) = op (ﬁ) ,

the TMLE )} is asymptotically linear with influence function DW*(Py) (and is hence also asymptotically
efficient).
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Proof: We can write:

\Ij(Pn) - \I’(PO) = —POD(l) (Pn) - 5 }IL%P(?D}(LQ)(PH) +R3(Pn1P0)
1
=~ DM (Py) = SPED(P) + Bu(h) + Rs(Py Po)

1
= (Pu = PO)DO*(P}) + 5 (PY = F3)DL2 (Py) + Bu(ha) + (P}, Fo),

where for the last step we use the fact that the TMLE satisfies

P,DW*(P}) = P2D\Y(P}) = 0.

The first two assumptions allow us to apply Lemma 9.3.3, which yields

(Po— Po)(DW*(Py) ~ DW*(Ry)) = op (;ﬁ) o (Py—Py)DW(PY) = (Pa— Py)DD* (Py) 4 op (%) ,

Assumptions 3, 4, and 5 then imply that the last three terms in our expansion of W(P*) — U (F,) are also
all Op(ﬁ), which then immediately implies

U(P¥) — U(Py) = (P, — Py)DW*(Py) 4 op (

n

5

as desired. O

9.3.1 Confidence Intervals

To end, it is worth mentioning the practical use of confidence intervals with the second-order TMLE. As
Theorem 9.3.1 states, the influence function of the 2-TMLE ;% is DM*(Py) (and this holds for higher-order
k-TMLEs as well). Hence, as with the regular TMLE, or as with any asymptotically linear estimator, we

can use the confidence interval

(w:—jﬁzl_; D Pn[Dm*(PM"’)-

This is asymptotically correct, but does not take into account the extra expansion the 2-TMLE offers.
It is plausible that finite-sample performance could be improved by including the second-order term in
the confidence interval, even if this does not change asymptotic behavior. Under the assumptions of the
preceding theorems (Theorem 9.3.5 and Theorem 9.3.1, depending on whether second-order gradients are

approximated), we have

V(W5 — o) = V(P — o)D" (B2 + S (P2 — PR)DO () + ViR (P, ).
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If we sample 01,0, ...,0,, from a consistent estimator of Py, we can estimate the first term, by boot-

strap, of the expansion by

Zn: { W (p*)(0;) — PnD(l)*(P;f)}

and we can bootstrap the second term of the expansion by

n n

o3 [pOR6:.0y) - 2D ).

i=1 j=1

so the entire bootstrapped statistic is

n n

o= —= 3 [0V (2160 - PO ()] + DD (P})(0:.0y) - B2DO (P

2n211]1

Letting ¢ represent the quantile of the conditional distribution of Z,, given the empirical distribution P,,

we get the bootstrapped confidence interval

<wn - %ql—%?ﬂ}n + \/ﬁql—‘;)

that takes into account the second-order expansion.
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