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1 Introduction
Given a group G, we are familiar with its composition series; that is, a series
G=Gy<G <Gy Q- <1Gp1 QG ={e},

where, for all 0 < i < n — 1, the quotient G;/G;41 is simple. This series gives us a helpful
characterization of solvable groups. However, there exists many other series decompositions of
groups that give rise to useful characterizations. In this paper, we analyze three such series: the
upper central series, the lower central series, and the commutator series. These series will allow us
to define and classify nilpotent groups, which are a fundamental type of group between abelian and
solavble groups. Nilpotent groups are also used heavily in the classification of Lie groups.

In Section [2| we define the Upper Central Series. In Section [3] we define nilpotent groups and
provide some helpful examples. In Section 4l we prove our first classification theorem of nilpotent
groups:

Theorem 1.1. Let G be a finite group, and let p1,ps,...,pn be all the distinct primes dividing its
order. For each 1 <1i <mn, let P; be a Sylow p;-subgroup of G. Then, the following statements are
equivalent:

1. G is nilpotent.

2. If H is a proper subgroup of G, then H is a proper subgroup of Ng(H).
3. Every Sylow subgroup is normal in G.

4. GE Py X Py X -+ X Py.

In Section 5] we prove our second classification theorem of nilpotent groups by proving Frattini’s
Argument, an important group-theoretic lemma:s:

Theorem 1.2. A finite group is nilpotent if and only if every maximal subgroup is normal.

In Section [6] we define the lower central series and investigate its relation to the upper central
series. Finally, in Section [7, we define the commutator series and use it to prove an alternative
characterization of solvable groups:

Theorem 1.3. A group G is solvable if and only if G™ = {e} for some n > 0.



2 The Upper Central Series

The first series we examine is the upper central series, which will allow us to rigorously define
nilpotent groups and prove a powerful classification theorem regarding them.

Definition 2.1 (Upper Central Series). Let G be a group. We define the following sequence Z,,(G)
(where n € Z>() of subgroups of G inductively:

o Z(G) = {e}
e Otherwise, Z,,+1(G) is the subgroup of G containing Z,(G) such that

Zn1(G)/20(G) = Z(G/Zi(G)).

Then, the infinite series of subgroups
Zo(G) < Z1(G) < -+
is the upper central series of G.

From just the definition, it may be unclear that such a series exists; in particular, we would
require that all the Z;(G) be normal subgroups of G due to the Z(G/Z;(G)) term.

Lemma 2.1. Given an upper central series Zo(G) < Z1(G) < --- of a group G, Z,(G) > G for
all n € N.

Proof. We induct on n, with the base case of n = 0 being clear since Zy(G) = {e} is clearly a
normal subgroup of G. Now, assume Z,,(G) > G for some integer n > 0. By the Third and Fourth
Isomorphism Theorems, since Z,(G) > G, there is a bijection between subgroups of G that contain
Zn(G) and subgroups of G/Z,,(G) which sends a subgroup Z,(G) C K C G to n(K) C G/Z,(G),
where © : G — G/Z,(G) is the standard quotient map. In particular, since Z,41(G) contains
Zn(@Q), this bijection sends Z,,41(G) to Zp+1(G)/Zy(G). This is isomorphic to Z(G/Z,(G)), which
is a normal subgroup in G/Z,,(G). By the Third and Fourth Isomorphism Theorems, since

Zn1(G) /2 (G) = Z(G/Zn(G)) > G/ Zn(G),
we have Z,11(G) > G, as desired. [ ]

Remark 2.1. For finite groups, this subgroups in the upper central series must eventually terminate
in size since the order of subgroups cannot grow forever.

3 Nilpotent Groups

Definition 3.1 (Nilpotent Group). Let Zy(G) C Z1(G) C --- be the upper central series of a
group G. If Z,,(G) = G for some n € N, then G is nilpotent. If G is nilpotent, then the smallest n
with Z,,(G) = G is the nilpotence class of G.

Remark 3.1. Nilpotent groups can be thought of as a ”stepping stone” between abelian groups
and solvable groups, in that all abelian groups are nilpotent and all nilpotent groups are solvable.
However, there exist nilpotent groups that are nonabelian (e.g. the dihedral groups, as shown in
Lemma ?7?) and solvable groups that are not nilpotent (e.g. Ss3).



Remark 3.2. To see that every nilpotent group is solvable, note that the upper central series itself
is a composition series, since the Z;(G) > Z;+1(G) by definition and their quotient is abelian since
it is defined as the center of a group.

We now examine several examples of nilpotent groups to elucidate this definition.

Example 3.1. Any abelian group is nilpotent with nilpotence class 1 (excluding the trivial group,
which has nilpotence class 0). This is because, if G is abelian, G = Z(G), so

21(G)/20(G) = Z1(G) = Z(G/2o(G)) = Z(G) = G.

Lemma 3.1. Let G be a p-group with order p™ for n € N. Then, G is nilpotent. Furthermore, if
n > 2, then G has nilpotence class of at most n — 1.

Proof. Any subgroup of G is a p-group. In particular, this implies that, for all i, if G/Z;(G) is
nontrivial, then so is Z(G/Z;(G)). Therefore, if Z;(G) # G, then |Z(G/Z;(G))| > p since it is
a subgroup of G/Z;(G), which is a nontrivial p-group. This implies |Z;11(G)| > p|Z;(G)| when
Z;(G) # G. Applying this reasoning inductively, we get that, for each 1,

|Z:(G)| = max(p', |G]).

This implies that
1Zn(G)| = max(p", |G]) = |G|,

50 |Z,(G)| = |G| and G has nilpotence class at most n.

If n > 2, then we must show that G does not have nilpotence class n. If G did have nilpotence
class n, then we would need |Z;(G)| = p’ for all 0 < i < n. Since n > 2, we can consider Z, _o(G),
which satisfies

1Z0(G) [ Zn2(G)| = P

- it is well known that a group of order p? is abelian. However, this would imply that
Zn-1(G)/2n-2(G) = Z(G/Zn—2(G)) = G/ Zn—2(G),

which would imply Z,,—1(G) = G, which is a contradiction. Thus, if n > 2, then G has nilpotence
class of at most n — 1, as desired. |

Example 3.2. For an example of a group that is not nilpotent, consider the symmetric group Ss.
We have Z(S3) = {e}, so Z1(S3) = {e}. Repeating this logic. Z;(S3) = {e} for all i € Z>o and S3
is not nilpotent. More generally, the center of .S, is trivial for all n > 3, so .S, is not nilpotent for
n > 3 by the same logic.

4 Classifying Nilpotent Groups

Now that we are familiar with nilpotent groups, we now want to characterize them in ways that
are easier to work with. The following powerful theorem provides many equivalent characterizations
of finite nilpotent groups.

Theorem 4.1. Let G be a finite group, and let pi,pa,...,pn be all the distinct primes dividing its
order. For each 1 <1i <mn, let P; be a Sylow p;-subgroup of G. Then, the following statements are
equivalent:

1. G is nilpotent.



2. If H is a proper subgroup of G, then H is a proper subgroup of Ng(H).

3. Bvery Sylow subgroup is normal in G.

4. GE P X Py x---xP,.

We defer the proof that (1) implies (2) to Section [6]

Before we begin the proof that (2) implies (3), we will define a characteristic subgroup.
Definition 4.1. A subgroup H of G is characteristic if every automorphism of G fixes H.

Remark 4.1. If a subgroup is characteristic, then it is normal since all conjugations are automor-
phisms.

Proof That (2) Implies (3). To show that (2) implies (3), we first prove a few lemmas:

Lemma 4.2. If G is a group and p is a prime dividing |G| such that there is a unique Sylow
p-subgroup P of G, then P is characteristic in G.

Proof. Any automorphism of G must map a Sylow p-subgroup to another Sylow p-subgroup. Since
P is the unique Sylow p-subgroup P of G, it is fixed under any automorphism and is hence char-
acteristic. |

Lemma 4.3. If K C H C G is a chain of groups such that K is characteristic in H and H is
normal in G, then K is normal in G.

Proof. Since H is normal in G, it is fixed by conjugation in G. Since K is characteristic in H, any
automorphism of H fixes K. Thus, conjugation in G fixes H, which then fixes K, implying K is
normal in GG, as desired. [

Now, let P be a Sylow p;-subgroup of G for some 1 < i < n. We clearly have P > Ng(P). This
implies P is the unique Sylow p;-subgroup of N¢(P), since all Sylow p-subgroups are conjugate by
Sylow’s Second Theorem. By Lemma P is characteristic in Ng(P). Since Ng(P) is normal
in Ng(Ng(P)), by Lemma we have P < Ng(Ng(P)). This implies Ng(Ng(P)) € Ng(P), so
Ng(Ng(P)) = Ng(P). Then, by (2), we have Ng(P) = G, so P > G, as desired. [

Proof That (3) Implies (4). We now show that (3) implies (4). We first prove the following:
Lemma 4.4. Let H and K be two subgroups of a group G. Then,

[HI| K|

|HN K|

Proof. Let hk = h'K', for h,h/ € H and k,k' € K. Then, ~'h = K'k~ ', so s € HN K, where
h'~'h = KF'k~' = s. This implies k' = sk and k' = hs~!. In other words, each distinct element of

HK can be expressed as a product hk in at most H N K ways. On the other hand, if t € H N K,
then for fixed h € H and k € K, ht~' € H and tk € K, so

hk = (ht 1)(tk) € HK,

|HEK| =

meaning each distinct element of HK can be expressed as a product Ak in at least H N K ways.
Combining these two statements, gives that each element of HK is expressed by exactly H N K
products. There are |H|| K| products in total, so

[HI| K|

|HN K|’

as desired. m

HEK]| =



Since Pp, Py, ..., P, are all distinct Sylow p;-subgroups of G, they have pairwise trivial inter-
section. Furthermore, the product of any subset of them has trivial intersection with any subgroup
not in the product. Applying Lemma [4.4] repeatedly, we get

|PLP, || Ps
’Plpg N Pg‘

PP

PP =—
|1 2| ‘lePQ‘

= |P1|| P, |PLP2 Py| = = |P1||P|| P3|,

and so on. Continuing inductively gives
[Py -+ Pl = |Py|[Py| -+ | Po| = |G,

since Py, Py, ..., P, are Sylow p;-subgroups for all the distinct primes dividing |G].

Lemma 4.5. If Hy, Ho, ..., H, are normal subgroups of a group G, then H1Hs - -- H,, is a subgroup
of G.

Proof. We prove the following subclaim:

Claim 4.6. Let H and K be subgroups of a group G, with K normal. Then, HK is a subgroup of
G.

Proof. Let hy,hy € H and ky, ko € K. We want to show that (hik1)(hoks) € HK. We have
(h1ky1)(haks) = hiha(hy 'kiho)ke € HK,
where the last inclusion is due to the fact that K is normal, so hy kihy € K. [ |

We now apply Claim inductively to prove the lemma. Indeed, applying the claim to H; and
Hy tells us that Hy Hs is a subgroup of G. Since Hj is normal in G, applying the claim again gives
H{HsHsj is a subgroup of G. Continuing like this for all n subgroups gives the desired lemma. W

By Lemma [£.5] since we assume all Sylow subgroups are normal in G, P, P - - - P, is a subgroup
of G. Since |PP,--- P,| = |G|, we must have P, P --- P, = G. The upshot of this is that we now
only have to show that

PPy Py Py X Py XX Py.

We will prove this by induction - in particular, we will show that, for all 1 <i <n,
PPy P=2P xPyx---x P,
The base case of ¢ = 1 is clear. Now, assume the claim is true for some 1 <¢ < n — 1. Since
PP P2P xPyx---x P,
we have |P1Py--- P;j| = |P1||P|---|P;|. This is coprime to |P;41]. Since Piy1 N PiPy---P; is a
subgroup of both groups, by Lagrange’s Theorem, its order must divide both their orders. Thus,

P11 N PP --- P; must be trivial. It now remains to show that this implies

P1P2--'PZ'PZ'+1§P1XP2><‘~-><PZ‘XPZ‘+1.

Proof That (4) Implies (1). We first prove the following two lemmas:



Lemma 4.7. If G1,Go,...,G, are groups, then
Z(G1 x Gy x -+ X Gp) 2 Z(G1) X Z(Gg) x -+ x Z(Gy,).

Proof. Note that (g1,92,...,9n) € Z(G1 x Gg X --- x Gy) if, for all (hy, ha,...,hy) € G1 X Gg X
-+« X Gy, we have

(h17h27 L 7hn)<917927 e 7971) = (hlgl7h2927 e 7h7lg7’b) = (glh1792h27 v 7gnhn>
= (gl,gg,...,gn)<h1,h2,...,hn).

Thus, we need h;g; = g;h; for all 1 < i < n, or equivalently, g; € Z(G;) for all 1 < i < n. Thus,
Z(G1 x Ga x -+ x Gy) CZ(G1) X Z(Gg) x -+ x Z(Gy,).

On the other hand, if (21, 22,...,2n) € Z(G1) X Z(G2) x --- x Z(Gy), then, for any
(h1,h2, ... hy) € G1 X Gg X -+ X Gy, we have h;z; = z;h; for all 1 <i < n, so

(hl,hQ, .. .,hn)(zl,ZQ, e ,zn) = (21,22, .. .,Zn)(hl,hz, .. .,hn).

Thus, Z(G1) x Z(G2) x -+ x Z(Gyn) C Z(G1 x G2 X -+ X Gy), so the two groups are equal, as
desired. m

Lemma 4.8. If G = A1 x Ay X --- X A, and By, Bs,..., B, are groups such that B; is normal in
A; forall1 <i<mn. Then, By X By X -+- X By is normal in A1 X --- X A, and

(A x -+ x Ap)/(By X -+ x By) = (A1/B1) x (A2/Ba) x -+ x (An/Bp).

Proof. We first show that By X By X -+ x By, is normal in A; X Ay X ---x A,. Let (b1,ba,...,b,) €
Bi X By X -+- x By, and (a1,ag,...,a,) € Ay X Ag X -+ x A,,. Then,
(a1,a9,...,a,)(b1,ba,... ,bn)(afl,agl, ant) = (arbiah, a2b2a2_1, . apbpa;t) € ByxByx---x By,
where the last step is since each B; is normal in A;, so aibia;l € B;foralll1 <i<n.
To show the second part of the lemma, consider the map

¢ (A x Ay x - x Ayp)/(B1 x By X -+ X By) = (A1/B1) x (A2/B2) X -+ X (A, /By)

that sends a coset (aj,asz,...,a,)(B1 X -+- X By) to the tuple of cosets (a1 Bi,a2Bs,...,a,By).
This map is well-defined and can be checked to be a homomorphism. Furthermore, its kernel is
the identity coset, so it is injective. Since the domain and codomain have the same size, this
homomorphism is then as isomorphism, which finishes. |

To prove that (4) implies (1), we strong induct on |G|, with the base case of |G| = 1 being
vacuously true. Since each P; is a nontrivial p-group, Z(P;) is nontrivial for all 1 < i < n. Thus,
Z(G) is nontrivial and |G/Z(G)| < |G|. By Lemma[4.7 and Lemma [4.8] the hypotheses of (4) hold
for G/Z(G). Since |G/Z(G)| < |G|, G/Z(G) is nilpotent by the inductive hypothesis.

Lemma 4.9. Given a group G, if G/Z(Q) is nilpotent, then G is nilpotent.

Proof. By the Third and Fourth Isomorphism Theorems, there is a bijection between subgroups of
G/Z(G) and subgroups of G that contain Z(G). In particular, this means that the terms of the
upper central series for G/Z(G) biject to the upper central series for G beyond the first term. For
example, the second term of the upper central series of G is Z(G), which is the image of {e} in
the upper central series of G/Z(G). Thus, the upper central series of G' eventaully reaches G since

G/Z(G) is nilpotent, as desired. [ |
By Lemma since G/Z(G) is nilpotent, G is nilpotent, as desired. [ ]



5 Another Classification of Nilpotent Groups

In this section, we prove another classification theorem for nilpotent groups:

Definition 5.1 (Maximal Subgroup). A proper subgroup M of G is maximal if there is no subgroup
H such that M C H C G.

Theorem 5.1. A finite group is nilpotent if and only if every mazximal subgroup is normal.

To prove this, we utilize Frattini’s Argument, a lemma that turns up in many group-theoretic
contexts.

Lemma 5.2 (Frattini’s Argument). Let G be a finite group, N be a normal subgroup of G, and P
be a Sylow p-subgroup of N. Then, G = NNg(P).

Proof. Fix some g € G; we now want to show that there exist n € N and p € Ng(P) such that
g =np. Let P' = gPg~!. Since N is normal and P C N, P’ C N. Furthermore, since P’ and P
are of the same order, P’ is a Sylow p-subgroup of N. By Sylow’s Second Theorem, P’ and P are
conjugate in N, so there exists some n € N such that nPn~! = P’. Thus,

n'Pn=n"tgPg 'n=P,

which implies n~!'g € Ng(P). Let p = n~'g. Then, g = np, where n € N and p € Ng(P). Thus,
G = NN¢(P), as desired. [ |

We can now prove Theorem

Proof of Theorem [5.1 In one direction, let G be some finite nilpotent group and M be a maximal
subgroup of G. By Theorem M is a proper subgroup of Ng (M), but since it is maximal, we
must have Ng(M) = G, so M > G.

For the other direction, assume every maximal subgroup of G is normal. Let P be some Sylow
p-subgroup of G, for some p | |G|. (If G is trivial, the statement is vacuously true, so we can assume
otherwise). If P ¥ G, then Ng(P) is a proper subgroup of G. Let M be a maximal subgroup of
G containing Ng(P). We have M > G, so by Frattini’s Argument, G = M N¢(P). However, since
Ng(P) C M, MNg(P) = M, which contradicts the fact that M is a proper subgroup of G. Thus,
P > G. Since all Sylow subgroups are normal in G, by Theorem G is nilpotent, as desired. H

6 The Lower Central Series

There exists an analogue to the upper central series called the lower central series that can be
used to classify nilpotent groups in exactly the same fashion as upper central series. This series is
based on the notion of a commutator, which we define below.

Definition 6.1 (Commutator). Given a group G and two elements xz,y € G, their commutator,

notated [z, y], is defined by
1

[z,y] =z 'y ay.
Extending this notion, if H, K are two subgroups of GG, then their commutator is
[H,K|={[h,k] : h€ H,k € K}.

Remark 6.1. If x,y € G commute, then [z,y] = e.



Definition 6.2 (Lower Central Series). Given a group G, we define the sequence of subgroups G™
of G inductively, for n € Z>:

e G'=¢G
e Otherwise, G = [G,G"].

The chain of subgroups
G=aG" » el D

is the lower central series of G.

Remark 6.2. T haven’t finished this section yet, but it will eventually include the rest of the proof of
the first classification theorem of nilpotent groups as well as a proof that the definition of nilpotnet
groups for lower central series is equivalent to the one for upper central series.

7 The Commutator Series

The final series we will examine is the commutator series, which is very similar to the lower
central series:

Definition 7.1. Given a group G, define the following sequence of subgroups G of G inductively,
forn € ZZO‘

e GO =@
e Otherwise, G+ = [G(") G,

Then, the chain of subgroups
GO oqg® ...

is the commutator series, or derived series of G.
We can use the commutator series to display another characterization of solvable groups.
Theorem 7.1. A group G is solvable if and only if G = {e} for some n > 0.

Proof. We first prove the following lemma:

Lemma 7.2. Let G be a group and let G' = [G,G]. Then, G' > G and G/G’ is abelian. Further-
more, if H is some normal subgroup of G such that G/H is abelian, then G' C H.

Proof. To show G’ is normal, note that, for g, g1, 92 € G,

9l91, 92097 = 997195 919297 = 997 9 995 g 9919 99097t = (991971, 992971,

so it is closed under conjugation and hence normal.
To show that G/G’ is abelian, let G’ and yG’ be elements of G/G’. Then, we have

(G (YG") = (ay)G' = (yra ™'y '2y) G = (yalz,y))G = (y2)G' = (yG')(zG),

as desired.
For the last part of the lemma, let H > G and G/H be abelian. Let «H,yH € G/H. Then, we
have (zH)(yH) = (yH)(xH), which is equivalent to

H = (zH) " (yH) "(zH)(yH) = (" 'y 'ay)H = [z,y]H.

Thus, [x,y] € H for all z,y € G, meaning G’ C H, as desired. |



Now, assume that G is solvable, so it has a composition series
{6}:G0<G1<-~<]Gk:G

with each composition factor G;41/G; abelian. We will prove by induction that G C Gy_; for all
0 < i < n. This is clearly true for i = 0, so assume G C Gj—; for some 0 <7 <n — 1. Then, we
have

GO = [GD,GY) C [Gri, Gii).

By Lemma since Gy—;/Gr—;—1 is abelian, we have [Gi_;, Gx—;| C Gi—i_1, so Gt C Gr_q_s,
as desired. This completes the induction, which implies G*) = 1, as desired.
On the other hand, if G = {e} for some n > 0, then the composition series

{ed=G"pa V... g0 =@

is a composition series for G, so it is solvable. |
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