Min-Norm Solutions to Group Lasso Problems

Karthik Seetharaman

June 2024

Abstract

The group lasso problem, helpful for achieving sparsity of solutions in situations where features can
be naturally grouped together, has been extensively studied. However, in high-dimensional settings
with many features, the minimum norm solution to this problem subject to an exact fit to the data
is of interest, and this problem has not been thoroughly studied. In this paper, we use and compare
several optimization methods such as ADMM and log-barrier methods to solve the min-norm group lasso
problem. We theoretically derive their updates and compare their performance on randomly generated,
noisy data. We find that the ADMM method far outperforms log-barrier methods on these experiments,
although more robust experimentation on a larger scale is likely needed to make a definitive claim. All
code is available at https://github.com/kvscomputing/ee364bproject.git.

1 Introduction

The standard group lasso problem is typically stated as follows. Given data X € R™*P and y € R", we want
to find 8 € RP to fit a regression y = X to this data. Furthermore, we have some predetermined grouping
of the features 8 = [B(1), .. .,ﬁ(G)]T, where 8 € RPi for all 1 < i < @, such that Ziciﬂ% = p. We are thus
interested in the optimization problem:
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where Zngl ||B(g)|]2 is the so-called group lasso penalty to encourage keeping norms of the grouped features
low.

If p > n (as is often the case in high-dimensional settings), so that there exist 8 such that y = X3, we
are interested in the minimum-norm solution to the group lasso problem - that is, the solution to
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In what follows, we refer to this as the min-norm group lasso problem. This paper aims to survey different
methods to solve the min-norm group lasso problem, theoretically deriving their updates and comparing
their computation speed and convergence properties.

2 Related Work

There has been quite a bit of work on the lasso and group lasso problems, some of which we detail here.
The original lasso problem was proposed in [6] as a way to encourage sparsity in solutions, only selecting the
most important features. In [1], the authors introduce the LARS algorithm, an efficient forward selection
algorithm for many problems including the Lasso problem. In [1] and [4], the authors characterize the
solution path of Lasso (the solution as X varies), which is known to be piecewise linear.

The group lasso problem [12] is less completely solved - similar fast algorithms to solve the group lasso
problem have been proposed [9, 10, 11]. A software package called Adelie also exists to efficiently solve



the problem for various GLMs, as developed by James Yang and Trevor Hastie [8]. Extending work on the
solution path of the Lasso problem, Mishkin and Pilanci show continuity of the solution path of the group
lasso problem, in addition to constructing an implicit function for the min-norm solution [3]. To the author’s
best knowledge, this is the only theoretical work on the min-norm group lasso problem: in particular, there
has been little to no work on implementation of actual methods to solve the min-norm group lasso problem,
either theoretically or in practice, a hole this work aims to fill.

Extensions to the group lasso have been considered as well, as in [5], which combines both an ¢; and /o
penalty.

3 Algorithms
3.1 ADMM Method

The first algorithm we propose to solve the min-norm group lasso problem is a standard ADMM algorithm.
We derive the algorithm here. Let C = {z : y = Xz}; this is an affine set. Furthermore, let I¢(z) € {0, 00}
be the indicator for C. We can then rewrite the min-norm group lasso problem as
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The standard ADMM updates then proceed as follows: given iterates ¥, a®, v*, we update:

G
: p
pRt = arg min (Z 1812 + 5118 = o +7’“|I3>

g=1

ot =T (B4 4+ 4%)

ARHL ok ghtl R

=

The B-update can be recognized as the proximal operator of h(z) = Zle ||2(g)||2 With parameter A =

o

evaluated at v = o — 4*. Since the group lasso penalty is block-seaparable into G groups, it suffices t
evaluate the proximal operator at each group separately. For each g = 1,..., G, we can write

A
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The a-update is a projection onto the affine set C, which is given by, for any vector v,
He(v) =v— XT(XXT) "N (Xv —y).

This gives us the ADMM updates for the problem, and repeating these updates will lead to convergence.

3.2 Interior Point Method

We could also consider trying to use interior point methods; however, we cannot use interior point methods
directly on the original problem as Z?:l [|Bg]]2 may be a non-differentiable objective in the case that certain
groups are not selected (i.e. B4 = 0 for some g =1,...,G). To this end, we instead solve the dual problem,
which we derive in the following subsection.



3.2.1 Dual Problem Derivation

We write the Lagrangian of the min-norm group lasso problem as

G
=> Bglla+ " (X8 —y).
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The Lagrange dual function is then given by

G
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To find S that minimize the Lagrangian, we must find 5 such that 0 € 93L(3,v). To do this, decompose
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where X 4) consists of the columns of X in group g, which will allow us to focus on each 3, separately. In
particular, this means
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For each group ¢ = 1,...,g, 0 must be in the subdifferential set of UTX(Q)B(Q) + [|B(g)ll2 with respect
to Bg). If [|Bg)ll2 # 0, the subgradient is equal to X(E)V + Hﬁé(ﬁ; else, the subgradient is equal to
{X(q)u + v :|v|]2 < 1}. In particular, this implies that, if ||XZ:J)V\|2 = 1, we optimally set 3, = —Xa)u,
and if HX(g)I/HQ < 1, we set Sy = 0 as well. If ||X(7£;)1/|\2 > 1, 0 is not in the subdifferential set, so we

restrict our attention to the case where HVTX(Q)HQ <lforallg=1,...,G.
Plugging this 8 = [B(1), ..., B(s)] back into the minimization objective, we get that

g(y) = _VTya

where ||X(7;)V||2 <1forall g=1,...,G. The dual problem is to maximize this over all v € R™ satisfying
the constraints, which is equivalent to the problem

min v7y subject to |\X(Tg)1/||2 <l,g=1,...,G.
v

To get this back in terms of X, we can write, for each g = 1,. = G(Q)XT7 where G ;) € RPs*P is
the group selection matrix where each row is all zeros except a 1 for tiie feature in the group. This means
the dual problem is

rrgn v1y subject to HG(g)XTI/”Q <l,g=1,...,G.

This is now a linear program with convex constraints that we can solve via interior point methods.

3.2.2 Log-Barrier Method

We now derive the log-barrier method update for this problem. Rewrite the constraints as ||G4) X Ty|3—-1<

0 for g =1,...,G. Then, we can define, for a barrier parameter ¢ > 0, the barrier problem
1 &
. T T 2
minv’y — - leog(l — |G X v]]3).
g:

For fixed ¢, we can solve this problem via (truncated) Newton’s Method. In particular, the log-barrier
method works as follows. Beginning at some initial ¢ = t;,;, we repeat the following for some p:



1. Solve the barrier problem for the current ¢ using some variation of Newton’s Method.

2. Set t := pt.

This sends t — oo, making the impact of the log-barriers smaller and smaller and eventually leading to
convergence. A typical value of p is p = 1.5, which we use in this paper.

3.3 Solving The Barrier Problem

We use Newton’s Method to solve the barrier problem at each step. This involves, at each step, calculating
the Newton descent direction Az, = —V2f(2) "'V f(z). This requires taking the gradient and Hessian of
the log-barrier objective, which we provide below. Let

G
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be the log-barrier objective. We then calculate
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Notice that the terms X G{g)G(g)X T are ubiquitous in these expressions, so during implementation, we

precompute and store XG(T;)G(Q)XT forallg=1,...,G.

To calculate a step size which ensures actual descent in the objective, we use the Armijo line search,
which is to begin from ¢ = 1 and, while f(z +tAx) > f(z) + atV f(x)T Az, set t := Bt. In our experiments,
we use o = 0.25, 58 = 0.5.

The traditional Newton’s Method involves solving for the Newton descent direction exactly. This may
be expensive, so it is common to perform a truncated Newton’s Method, which uses the conjugate gradients
algorithm with some set number of maximum iterations to calculate an approximate descent direction.

In general, computing the Hessian can be quite expensive, so we also experiment with an approzimate
Newton’s Method where we only recompute the Hessian every 10 steps. We call this the Limited Hessian
Truncated Newton’s Method going forward.

4 Experiments

4.1 Data

We randomly generated data X € R299%590 (50 n = 200,p = 500) by generating n entries from the multi-
variate normal distribution with mean 0 € RP and covariance matrix > € RP*P_ which has 1s on the main
diagonal and p everywhere else for some 0 < p < 1. For this experiment, we set p = 0.5.

We sample 8 by sampling each component separately from a standard normal distribution A/(0,1). To
generate the outputs y, we sample e ~ A(0,1) and set o = % (for a signal-to-noise ratio of 3). We then
set y = XS + oe. We group the features randomly into groups of size 10 (so there are 50 groups total).

We use CVXPY to calculate the ground truth optimal value for this problem, which we find to be
1366.956.
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Figure 1: Testing different values of p for the ADMM method.

4.2 Sensitivity Analyses

We first perform a few sensitivity analyses to find optimal values for parameters. We test convergence for
p=0.1,0.5,1,5,10 in the ADMM method. The results are shown in Figure 1 - we see that p = 0.1 provides
the best convergence to the objective, so we use p = 0.1 in ADMM tests going forward.

Similarly, for the log-barrier method, we use a truncated Newton’s Method to solve the barrier problem
for each ¢t. Thus, we perform a sensitivity analysis on the maximum number of iterations for the CG step
in calculating the truncated Newton descent direction. We test values of 1, 5, 10, 20, 30, and 50 iterations.
The results are shown in Figure 2; as expected, increasing the maximum number of iterations increases
convergence accuracy. Table 1 shows the amount of time it takes to run 50 iterations of the log-barrier
method with each value of maxiter for the CG step. Going forward, we use 20 as the maxiter parameter.

Truncated Newton Convergence
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Figure 2: Testing different numbers of maximum iterations for the CG step in the truncated Newton’s
Method.

4.3 Comparing Methods

Figure 3 compares the convergence of standard Newton’s Method, truncated Newton’s Method, and the lim-
ited Hessian truncated Newton’s Method. We see that the limited Hessian Truncated Newton’s Method and
standard truncated Newton’s Method exhibit identical convergence; however, there is very little computation



Max. Iterations For CG Step | Time To Run 50 Iterations (s)
1 19.29
) 16.21
10 12.35
20 11.78
30 12.41
50 12.61

Table 1: Computation times for different numbers of maximum iterations for the CG step in the truncated
Newton’s Method.

time speedup between the two as well, likely since the precomputation of XG%;)G(Q)XT forg=1,...,G
makes the Hessian computation much less expensive than it would be otherwise.
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Figure 3: Comparing convergence for different variations of Newton’s Method.

To compare the actual convergence times of different methods, refer to Figure 4. We see that the ADMM
method converges much faster than either the truncated Newton method or standard Newton method and
with high accuracy, so the ADMM method seems to be the best choice for this problem, in general.

5 Conclusion

This work surveys applying standard methods such as ADMM and the log-barrier method to the min-norm
group lasso problem in a high-dimensional setting of p > n, filling a hole in the literature as this problem is
relatively unstudied. After theoretically deriving the updates for the ADMM and log-barrier interior point
methods to solve the dual problem, we ran experiments on randomly generated data to explore the effect
of changing parameters such as p in ADMM and the maximum number of CG iterations in the truncated
Newton’s Method. After these sensitivity analyses, we compared these methods to each other to find that,
both in accuracy and convergence speed, the ADMM method is the preferred method to solve the min-norm
group lasso problem.

There are many avenues for future work. Repeating the analysis in this paper on much larger synthetic
data, or on real data, would be useful to see how well methods scale into the real world. There are several
other methods worth exploring, such as quasi-Newton methods (detailed in the Appendix) and interior point
methods on the primal problem rather than the dual problem. Another avenue worth exploring is the case
of n > p, where an exact fit to the regression may not exist. In this case, solving the problem

G
1
mﬁinz 19l subject to oy XBl3 <bv?
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Figure 4: Comparing convergence times across methods.

for some chosen error tolerance b could be of interest - preliminary work in this direction is in the appendix.
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7 Appendix: Additional Methods

In this section, we present preliminary work towards a few additional methods that were not implemented,
but are still of interest.

7.1 BFGS Quasi-Newton Method

Quasi-Newton Methods are methods that avoid directly computing the Hessian at all, instead working with
an approximation at each step. Among the most famous of these methods is the BFGS method [7]. In
general, the method works as follows (to use it in this case, we can substitute in expressions for the objective
and gradient of our barrier problem):

1. Begin with an initial guess xy and approximate inverse Hessian matrix Hy. Then, at each iterate zy,
repeat steps 2 through 6. Do this until convergence.

2. Compute pr, = —HV f(zk) to get a descent direction.

3. Perform a Wolfe line search to find an acceptable step size a. In particular, begin at o = 1 and set
ay, = Pay, for some 8 (usually 0.5) until both of the following hold:

(a) f(xr + owpr) < f(xr) + crowpl V f(zi)
(b) —pEV f(zk + arpr) < —copl V ()

For quasi-Newton methods, typical choices of ¢y, ¢y are ¢; = 107% and ¢ = 0.9 [7].
4. Set s = agpr, Th+1 = Tk + Sk

5. Compute the change in gradient yr = V f(zr1+1) — Vf(zk).

T T T T T
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6. Update the inverse Hessian approximation Hy,; = Hj, + & yk+y("sT;ky)'§)(sksk) — kyks';Tt;ky" k,
k g k ¢

I attempted to implement this method for comparison, but was not able to get the implementation fully
working. Attempts are in the GitHub.

7.2 ADMM For n >p

As alluded to in the introduction, in the case of n > p, it is of interest to prescribe an error tolerance b and

consider the problem
G

. . 1
mﬁlnz ||5(g)|\2 subject to %Hy — Xﬁ”% < 2.

g=1

If we were to run an ADMM method on this problem, the only update that would change when compared
to the method presented in the main paper is the a-update, which is replaced with a projection onto the
convex set C = {2z : 5-||y — Xz|[3 < b?}. This is done by solving the optimization problem

1 1
mzin§||z—v||§ subject to %Hy - Xz||3 < V7.

The Lagrangian of this is
L(z ) = gllz ol + 5 (ly — Xzl — 2mb?)
Taking the gradient and setting to 0, we get
V.L(z,AN)=(z=0) + MXTXz —yT2) =0 = 2"\ = (T - A\XTX) Yw+yT2).

Substituting this into the dual function leads to a really messy expression and taking the derivative leads to
an equation one can solve by bisection search to find the optimal A.



